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Preface

Recent years have seen the advent and development of many devices able to record and
store an ever increasing amount of information. The fast progress of these technologies
is ubiquitous throughout all fields of science and applied contexts, ranging from
medicine, biology and life sciences, to economics and industry. The data provided
by these instruments have different forms: 2D-3D images generated by diagnostic
medical scanners, computer vision or satellite remote sensing, microarray data and
gene sets, integrated clinical and administrative data from public health databases,
real time monitoring data of a bio-marker, system control datasets. All these data
share the common characteristic of being complex and often highly dimensional.

The analysis of complex and highly dimensional data poses new challenges to
the statistician and requires the development of novel models and techniques, fueling
many fascinating and fast growing research areas of modern statistics. An incomplete
list includes for example: functional data analysis, that deals with data having a
functional nature, such as curves and surfaces; shape analysis of geometric forms, that
relates to shape matching and shape recognition, applied to computational vision and
medical imaging; data mining, that studies algorithms for the automatic extraction
of information from data, eliciting rules and patterns out of massive datasets; risk
analysis, for the evaluation of health, environmental, and engineering risks; graphical
models, that allow problems involving large-scale models with millions of random
variables linked in complex ways to be approached; reliability of complex systems,
whose evaluation requires the use of many statistical and probabilistic tools; optimal
design of computer simulations to replace expensive and time consuming physical
experiments.

The contributions published in this volume are the result of a selection based on the
presentations (about one hundred) given at the conference “S.Co.2009: Complex data
modeling and computationally intensive methods for estimation and prediction”, held
at the Politecnico di Milano∗. S.Co. is a forum for the discussion of new developments

∗ September 14–16, 2009. That of 2009 is its sixth edition, the first one being held in Venice
in 1999.
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and applications of statistical methods and computational techniques for complex and
highly dimensional datasets.

The book is addressed to statisticians working at the forefront of the statistical
analysis of complex and highly dimensional data and offers a wide variety of statistical
models, computer intensive methods and applications.

We wish to thank all associate editors and referees for their valuable contributions
that made this volume possible.

Milan and Venice, May 2010 Pietro Mantovan
Piercesare Secchi
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Space-time texture analysis in thermal infrared
imaging for classification of Raynaud’s Phenomenon

Graziano Aretusi, Lara Fontanella, Luigi Ippoliti and Arcangelo Merla

Abstract. This paper proposes a supervised classification approach for the differential diag-
nosis of Raynaud’s Phenomenon on the basis of functional infrared imaging (IR) data. The
segmentation and registration of IR images are briefly discussed and two texture analysis
techniques are introduced in a spatio-temporal framework to deal with the feature extraction
problem. The classification of data from healthy subjects and from patients suffering from
primary and secondary Raynaud’s Phenomenon is performed by using Stepwise Linear Dis-
criminant Analysis (LDA) on a large number of features extracted from the images. The results
of the proposed methodology are shown and discussed for a temporal sequence of images
related to 44 subjects.

Key words: Raynaud’s Phenomenon, classification, functional infrared imaging, texture
analysis, Gaussian Markov Random Fields

1 Introduction

Raynaud’s Phenomenon (RP) is a paroxysmal vasospastic disorder of small arteries,
pre-capillary arteries and cutaneous arteriovenous shunts of extremities, typically
induced by cold exposure and emotional stress [2]. RP usually involves the fingers
of the upper and lower extremities, even though tongue, nose, ears, and nipples may
result affected as well. The presence of the initial ischemic phase is mandatory for
clinical diagnosis, whereas reactive hyperaemic phase may not occur.

RP can be classified as primary (PRP), with no identifiable underlying patholog-
ical disorder, and secondary, usually associated with a connective tissue disease, the
use of certain drugs, or the exposition to toxic agents [4]. Secondary RP is frequently
associated with systemic sclerosis. In this case, RP typically may precede the onset of
other symptoms and signs of disease by several years [2]. It has been estimated that
12.6% of patients suffering from primary RP develop a secondary disease. In partic-
ular, while between 5% and 20% of subjects suffering from secondary RP evolve in
either limited or diffuse systemic sclerosis, all of the systemic sclerosis patients under-
went or will experience RP [2]. These epidemiological data highlight the importance
for early and proper differential diagnosis to distinguish the different forms of RP.

Mantovan, P., Secchi, P. (Eds.): Complex Data Modeling and Computationally Intensive Statistical Methods
© Springer-Verlag Italia 2010



2 G. Aretusi et al.

Thermal infrared (IR) imaging has been widely used in medicine to evaluate
cutaneous temperature. IR imaging is a non-invasive technique providing a map of the
superficial temperature of a given body by measuring the emitted infrared energy [15].
Since the cutaneous temperature depends on local blood perfusion and thermal tissue
properties, IR imaging provides important indirect information on circulation, thermal
properties and thermoregulatory functionality of the cutaneous tissue. In this paper
we thus exploit data from functional infrared imaging (fIRI) for classifying healthy
controls (HCS), primary (PRP) and secondary (SSc) to systemic sclerosis RP patients.

The segmentation and registration of IR images are briefly discussed and two
texture analysis techniques are introduced in a spatio-temporal framework to deal
with the feature extraction problem. The classification is performed by using Stepwise
Linear Discriminant Analysis (LDA) and the results of the proposed methodology are
shown for a data set of 44 subjects.

The paper is organised as follows. In Section 2 we describe the data and how they
have been created through a functional test; in Section 3 we deal with the processing
of IR images by focusing on the problems of image segmentation and registration.
Section 4 considers the problem of feature extraction and describes two different pro-
cedures for performing texture analysis in a spatio-temporal framework: one based on
the estimation of a space-time Gaussian Markov Random Field, the other based on the
calculation of texture measures obtained by co-occurrence matrices. Finally, in Sec-
tion 5 we discuss classification results and in Section 6 we provide some conclusions.

2 The Data

Data for this study were provided by the Functional Infrared Imaging Lab – ITAB,
Institute for Advanced Biomedical Technology, at the School of Medicine of the
G. d’Annunzio University, Chieti, Italy. The study was approved by the local In-
stitutional Review Boards and Ethics Committees. All subjects gave their informed
written consent prior to being enrolled.

For each subject, raw data consist of a temporal sequence of 46 images, each
of dimension (256 × 256), documenting the thermal recovery from a standardised
cold stress produced in the hands of each subject [14]. Specifically, we have n = 44
subjects classified as follows: 13 HCS, 14 PRP, and 17 SSc. The classification was
performed according to the American College of Rheumatology criteria and standard
exclusion criteria were observed [15]. Furthermore, patients underwent thermal IR
imaging after having observed standard preparatory rules to the test [14].

The thermal high-resolution IR images were acquired every 30 seconds to moni-
tor the response to a cold stress. Images were acquired using a 14-bit digital thermal
camera (FLIR SC3000 QWIP, Sweden) sensitive in the 8–9 μm band and with 0.02 K
temperature resolution. To estimate the basal temperature of each subject, the image
acquisition started 2.5 minutes before the cold stress and ended 20 minutes after.
The cold stress consisted of a two minute immersion of the hands in cold water (at
10 ◦C), while wearing thin plastic gloves. Since such a stress determines an immedi-
ate temperature drop from the stationary steady state, the study of the dynamics of
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the re-warming process is of particular interest. The recovery of the temperature is
monitored starting from the sixth image of the series, that is just after the cessation
of the cold stress.

3 Processing thermal high resolution infrared images

It is often a necessary step before a desired quantitative analysis to carry out a process-
ing of the images. In particular, prior to the feature extraction for the classification of
RP patients, we aim at constructing contours in the image to partition it into regions of
interest (segmentation), and to perform spatial transformations with respect to an ori-
ented reference image in order to compare images through the subjects (registration).
Because of the inherent differences between infrared and visible phenomenology, a
number of fundamental problems arise when trying to apply traditional processing
methods to the infrared images [13, 17]. In the following we thus briefly consider the
problems of segmentation and registration of IR images.

3.1 Segmentation

The nature of a thermal image is quite different from that of a conventional intensity
image. In general, the latter encodes several physical properties such as reflectance,
illumination and material of an object surface, to form the shape-related data, while
a thermal image is formed by the heat distribution of an object1.

Therefore, it is obvious that the conventional segmentation algorithms may not
be feasible when they are applied to a thermal image [5, 10]. As usual, the purpose of
thermal image segmentation is to separate objects of interest from the background,
usually represented by thermal features showing a certain degree of spatial uniformity.
In such cases, it would be possible to perform a segmentation by using a threshold
procedure. However, due to the slight blurring caused by the infrared imaging process,
it may happen that the boundary between a hand and the background is not so sharp
for some of the images (see for example Figure 1).

In such cases, the images were segmented manually, pixel by pixel. An example
of the results of the segmentation procedure is provided in Figure 2.

3.2 Registration

Image registration is the process of geometrical alignment of two images, a sensed
image with respect to a reference image, required to obtain more complete and com-
parable information throughout the subjects. The majority of registration methods
consists of the following steps [20]:

1 Specifically, thermographic images depict the electromagnetic radiation of an object in the
infrared range which is about 6–15 μm.
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Fig. 1. Examples of IR image segmentation using threshold procedure

Fig. 2. Examples of manual IR image segmentation

• Manual or automated detection of distinctive objects represented by the so-called
control points (i.e. input points on the sensed image and base points on the refer-
ence image);

• Estimation of the mapping function aligning the two images by matching the
control points;

• Resample of the sensed image by means of the mapping function (image values in
non-integer coordinates are computed by the appropriate interpolation method).

Due to the radically different ways of image formation in visible spectrum and ther-
mographic images, many methods for registration of images work poorly or do not
work at all [11]. A reasonable way to practice, is first to manually detect the con-
trol points, usually by using an aided procedure. Then, a set of mapping function
parameters, valid for the entire image, are estimated to align the reference and the
sensed images. In general, similarity transform, or affine transform, may be used in
the mapping model; however, since in our study the distance, and the angle between
the thermal camera and the scene are not always the same for all the subjects, a per-
spective projection model [20], with a bilinear interpolation method [18], was used to
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Fig. 3. A typical example of IR image: original image (left), segmented left-hand image (mid-
dle), registered image (right)

Fig. 4. Example of image reflection: registered image (top row), reflected image (bottom row)

perform the image registration. As an example, using 11 landmarks (control points),
in Figure 3 we show the result of the registration for one of the segmented images.

Finally, in order to make the images spatially homogeneous, we also performed a
reflection of the left hand with respect to its own longitudinal central axis. An example
of image reflection is shown in Figure 4.

4 Feature extraction

With the aim of developing automatic discrimination techniques for HCS, PRP and
SSc patients, we have to extract a set of features from the registered images. Such
images display complex patterns at various orientations and we thus expect quite
distinct texture characteristics among the classes. Texture analysis can be done ei-
ther by studying the point properties of an image, in a pixel-based view, or explicitly
defining the primitives that characterise the image, in a structural approach, to search
for features such as spatial arrangement. In this section, we describe in detail two
procedures. In the first, the temperature values are considered as a realisation of a
spatio-temporal Gaussian Markov Random Field (ST-GMRF) such that the param-
eters of such a process represent part of the full set of variables to be used in the
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classification process. In the second procedure, other features of interest are obtained
by extracting the information from co-occurrence matrices (CMs).

4.1 ST-GMRFs

Let the temperature values of the hands be a realisation of a stochastic process,
X = {X (p), p = (s, t) ∈ � ⊂ �d}, defined on a d-dimensional space, where
d = ds + dt with ds spatial dimensions and dt the temporal dimension. For ds = 2
and dt = 1, {X (s, t), s ∈ �S ⊂ �2, t ∈ �T ⊂ �+} is a spatio-temporal random field
(ST-RF).

Suppose that the spatio-temporal process X = {X (p), p ∈ � ⊂ �3} has
mean μ(p) representing a parameterised unknown deterministic spatio-temporal
trend function. We will assume that the residual process ε(p) = X (p) − μ(p)
is a zero mean stationary Gaussian process, with covariance function given by
σ(h, k) = Cov[X (s, t), X (s + h, t + k)], where h = si − s j and k = ti − t j . If
σ(h, k) = σ(||h||, k), where ||h|| = √

h′h, the ST-RF is said to be spatially isotropic.
A spatio-temporal Random Field (ST-RF) X observed on a spatio-temporal lattice

L ⊂ �, with g grid points, is denoted by X = [X (p1), X (p2), . . . , X (pg)]′ and is
characterised by a (g ×1)mean vector, μ, and a (g × g) covariance matrix,�. Notice
that for a 3-dimensional regular lattice, we have g = N × M × T .

The mean structure can be modeled through a linear combination of independent
variables with unknown parameters b; i.e. � = Db; specifically, if we consider a
spatio-temporal trend-surface analysis, the entries of the design matrix D are expressed
as a function of the coordinates of site p = (s, t).

Dealing with huge data sets, as in our case, it may be better for computational
purposes to assume a conditional specification of the process such that, under Gaussian
assumptions, X ∼ N(Db, �), where� = v2A−1. v2 is the conditional variance while
A is the potential matrix with entries equal to 1 along the main diagonal, the inverse
correlations −ci j if the sites pi and p j are neighbours, and otherwise zero.

Therefore, X is a Space-Time Gaussian Markov Random Field (ST-GMRF) with
conditional mean and conditional variance given by

E
(
X (pi )|X (p j ), j 
= i

) = μ(pi )+
∑
j 
=i

ci j
[
X (p j )− μ(p j )

]
V ar

(
X (pi )|X (p j ), j 
= i

) = v2,

where ci j are the spatio-temporal interaction parameters.
For a homogeneous process, and for a displacement vector r, the conditional mean

can also be rewritten as

E
(
X (pi )|X (p j ), j 
= i

) = μ(pi )+
∑
r∈δαi

cr
[
X (pi + r)− μ(pi + r)

]
, (1)

where δαi is the set of neighbours of pixel pi ,α is the ST-GMRF order which is defined
on a rectangular lattice by a given maximum distance between two pixels, cr = c−r,
c0 = 0, and cr = 0, ∀r : pi + r /∈ δαi .
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Considering a pure spatial process, r is a 2-dimensional vector, and for a first
order (α = 1) homogeneous GMRF we have two spatial interaction parameters for
r = (0, 1) and r = (1, 0) for neighbours which are one pixel apart horizontally and
vertically, respectively. For a second order GMRF we have four interaction parameters
for r = (0, 1) and r = (1, 0) together with r = (1, 1) and r = (1,−1) for diagonally
adjacent neighbours in the South-East and North-West directions, respectively.

The neighbourhood structure of a ST-GMRF can be defined by specifying the
space-time neighbourhood from a time series perspective. In this case the order is
provided by a vector ˛ = (αs, αt) consisting of the spatial and temporal lags, respec-
tively [9]. In general, we will have (1 + 2α1)(1 + α2) parameters for a homogeneous
process, and (1 + α1)(1 + α2) parameters for a completely symmetric one.

An important part of the ST-GMRF model specification is the choice of boundary
conditions (b.c.) for a stationary process, since elements of �−1 for boundary sites
on a finite lattice can be very complicated [3]. In general, to deal with ST-GMRFs on
finite rectangular lattices, the most convenient boundary conditions are toroidal b.c.
These specify that each dimension is assumed to be wrapped around, so that the first
and last coordinates are adjacent. There are many possible methods for estimating the
parameter vector � = (b′, c′, v2)′. ML minimises the negative log-likelihood

L(b, c, v2) = g

2
log(2π v2)− 1

2
log(|A|)+ 1

2v2
(x − Db)′A(x − Db), (2)

where A is symmetric and positive-definite. The negative log-likelihood can be min-
imised in stages [6]. In fact,

• conditional on A
b̂ = (D′AD)−1D′Ax (3)

v̂2 = 1

g
(x − Db)′A(x − Db). (4)

Equations (3) and (4) provide the m.l. estimators of the trend parameters b and
the conditional variance v2.

• Then, substituting (3) and (4) back into Equation (2), the m.l. estimators of the
spatial interaction parameters c can be obtained by minimising the profile likeli-
hood

L∗(c|v̂2, b̂) ∝ −1

2
log(|A|)+ g

2
log

[
x′A {I − QA} x

]
(5)

where Q = D(D′AD)−1D′.
When toroidal b.c. are assumed, minimisation of (5) for parameter estimation can
be carried out with only O (g log g) steps [3, 8]; in fact, since the (g × g) spatial
interaction matrix A is block circulant, and each block is itself block-circulant,
the likelihood is that (5) can be evaluated at a low computational cost by means
of a 3-dimensional discrete Fourier transform. For a discussion on the advantages
of using toroidal b.c. see, for example, [8, 16 and 9].
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4.2 Texture statistics through co-occurrence matrices

In this section, we use a pixel-based approach to identify further basic patterns that
could represent the natural texture structure of the RP. Specifically, we perform here
a texture analysis by extracting information in the form of a co-occurrence matrix
(CM) and by summarising this information through the calculation of some measures
of texture on the CM [7].

To calculate these measures, at each time t , we first classify the estimated residual
process ε̂(p) in L levels, where L , is chosen by considering the quantiles of the
space-time temperature distribution of all the subjects. Then, for a given space-time
displacement vector, r, which defines pairs of neighbours in the temporal, spatial and
spatio-temporal domain, we compute the CM which provides a tabulation of how
often different combinations of classified pixel values occur in an image [7]. More
specifically, the (i, j )th element of the (L×L)CM, denoted here as Cr, represents the
relative frequency, f (i, j ), of occurrence of a pair of classified pixel values, separated
by the displacement r and having temperature levels i and j , respectively. Therefore,
for a displacement vector r, we calculate the set of the following texture measures:

T1(r) =
∑
i, j

(i − j )2 f (i, j ), T2(r) =
∑
i, j

f (i, j )

1 + |i − j | , T3(r) =
∑
i, j

f (i, j )2,

T4(r) =
∑

i, j i j f (i, j )−∑
i i f (i, ·)∑ j j f (·, j )

σi σi
,

T5(r) =
∑
i, j

f (i, j ) log2
f (i, j )

f (i, ·) f (·, j )
,

where

σi =
[∑

i

i2 f (i, ·) − (
∑

i

i f (i, ·))2
]1/2

,

σ j =
⎡⎣∑

j

j 2 f (·, j )− (
∑

j

j f (·, j ))2

⎤⎦1/2

and f (·, j ) and f (i, ·) represent the marginal frequencies over the indices j and i,
respectively.

The indices T1 and T2 represent Contrast and Homogeneity measures and use
weights related to the distance from the diagonal of the CM; T3 is known as Energy
and gives information about orderliness; finally, T4 and T5 are Correlation and Mutual
Information indices, respectively; they provide a measure of the linear and non-linear
dependence of pairs of classified pixel values.
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5 Classification results

In this section we discuss discrimination results on the data described in Section 2.
For each subject, we have a spatio-temporal data matrix representing a temporal
sequence of registered images. For computational purposes we perform the analysis
of the segmented left and right hand images separately. In total, we have n = 44
subjects classified as HCS, PRP, and SSc. Since the re-warming process changes
slowly, we have downsampled the time series by considering one image per minute;
for each subject, and for each hand, we thus have a sequence of 19 images, each of
dimension (128 × 128).

The identification of the feature variables for each subject, starts with the estima-
tion of the parameters of a ST-GMRF which is very commonly used for modeling
textures in image analysis [8]. The estimated mean function is based on a spatio-
temporal function expressed as a polynomial function of time and spatial coordinates;
more specifically, we consider a trend which is linear in space and quadratic in time;
interaction terms between space and time are also included in the model. Overall, the
estimated trend function is represented by 7 parameters. For the residual correlated
process, we consider a type-ST neighbourhood structure with 4 neighbours in space
(α1 = 2) and one lag in time (α2 = 1); this corresponds to a ST-GMRF with 10 pa-
rameters to be estimated. However, notice that considering both hands, this procedure
leads to the estimation of 34 parameters for the whole image.

As regards the use of co-occurrence matrices, we consider ten levels (L = 10)
and spatial displacements corresponding to the four main spatial directions (i.e.,
East, West, North, South). Considering a spatial lag up to 6, all the displace-
ments can be collected in a global vector, d, which takes the following structure:
d = [(0 1); (0 2); . . . ; (0 6); (−1 1); (−2 2); . . . ; (−6 6); (−1 0); (−2 0); . . . ;
(−6 0); (−1 − 1); (−2 − 2); . . . ; (−6 − 6)]. Thus, overall we specify 24 dif-
ferent spatial lags and, for each of them, we can calculate 19 CMs. The joint use
of a first order temporal lag then completes the specification of the temporal and
spatio-temporal neighbourhood structure. Therefore, both for the first order temporal
lag and for each of the 24 spatio-temporal displacements, we can compute further 18
CMs. However, to avoid an increase of the number of discriminant variables, for each
temporal, spatial and spatio-temporal displacement, r, we aggregate the frequencies
of both hands corresponding to each pair of levels (i, j ), thus obtaining a synthesised
CM matrix, C̃r, from which we can calculate the five texture measures, T1, · · · , T5.
This procedure, generates 245 variables; by adding them to the ones provided by the
specification of the ST-GMRF, for each subject we thus have a total of 279 variables.

Of course, it is highly likely that a large number of these features do not provide any
significant discriminatory information. Furthermore, the classification based on such
a large number of variables may tend to be overfitting. Hence, to reduce the number of
variables to a suitable number for the classification routine we use a forward stepwise
linear discriminant analysis based on the Mahalanobis distance [12].

The best subset of selected features consists of a total of 14 discriminant variables,
mainly related to the vertical and diagonal directions. Specifically, six of the selected
variables are related to the parameters of the ST-GMRF while the remaining ones are
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represented by the indices T1, T4 and T5. Variables related to the diagonal directions
are characterised by a displacement of maximum 2 lags while variables related to the
vertical directions are defined for spatial lags ranging from 4 to 6. The wider spatial
lags observed for the vertical direction could be likely linked to the specific geometry
of the finger vasculature and the expression of the functional impairment secondary
to the disease. In fact, larger finger vessels run longitudinally and parallelously, while
only a few arteriovenous shunts run transversally. Moreover, the presence of scle-
roderma leads to a progressive destruction of the microvasculature from distal to
proximal sections, thus explaining the differences observed in the spatial lags.

The confusion matrix resulting from LDA gives a 0% estimate of the apparent
error rate, but performing the Leave-One-Out Cross Validation (LOCV) procedure,
the estimated error rate increases up to 9.1%. Specifically, Table 1 shows the confusion
matrix for the LOCV procedure where it can be seen that, 2 HCS, 1 PRP and 1 SSc
are wrongly classified.

Table 1. Confusion matrix for the LOCV procedure

Predicted Groups
Original HCS PRP SSc Total

HCS 11 0 2 13
PRP 0 13 1 14
SSc 1 0 16 17

6 Conclusions

In this paper we have discussed the problem of classifying functional infrared imaging
data for differential diagnosis of primary and secondary RP forms. The segmentation
and registration of IR images were also briefly considered. Specifically, we have
noticed that segmentation of IR images is not an easy task. It is true that the infrared
image acquisition is a part of the problem in the infrared segmentation process. In fact,
the technologies required for IR imaging are much less mature than the ones used in
visible imaging [17]. However, nowadays, cameras that collect simultaneously both
visual and thermal images are available, and performing a fusion of the two types of
images may lead to an improvement of the results.

Classification of primary and secondary RP forms has been performed within
a spatio-temporal context using texture analysis techniques. We have proposed two
different techniques which were able to generate a large number of discriminant
variables. Good classification results, characterised by an error rate of 9.1%, were
achieved through LDA; to our knowledge there are no other works which achieve
such results for Raynaud’s Phenomenon.

Due to the characteristics of the generated data set, of primary importance are of
course those classifiers that can provide a rapid analysis of large amounts of data and
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have the ability to handle fat data, where there are more variables than observations.
In this paper we considered forward stepwise LDA, but other approaches, based for
example on Discriminant Partial Least Square [1] or shrinkage methods (eg. Lasso)
[19], will be of particular interest for future works.

As a final consideration we do recognise that the small sample size of the study
could be an obstacle for a strong interpretation of the statistical results. Unfortunately,
the small sample size is something that cannot be changed in practical problems like
this, but we aim at extending the analysis to a wider data set (presently being acquired)
in further works.
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Mixed-effects modelling of Kevlar fibre failure times
through Bayesian non-parametrics

Raffaele Argiento, Alessandra Guglielmi and Antonio Pievatolo

Abstract. We examine the accelerated failure time model for univariate data with right cen-
soring, with application to failure times of Kevlar fibres grouped by spool, subject to different
stress levels. We propose a semi-parametric modelling by letting the error distribution be a
shape-scale mixture of Weibull densities, the mixing measure being a normalised generalised
gamma measure. We obtain posterior estimates of the regression parameter and also of cred-
ibility intervals for the predictive distributions and their quantiles, by including the posterior
distribution of the random mixing probability in the MCMC scheme. The number of compo-
nents in the non-parametric mixture can be interpreted as the number of groups, having a prior
distribution induced by the non-parametric model, and is inferred from the data. Compared to
previous results, we obtain narrower interval estimates of the quantiles of the predictive survival
function. Other diagnostic plots, such as predictive tail probabilities and Bayesian residuals,
show a good agreement between the model and the data.

Key words: accelerated failure time regression models, Bayesian semiparametrics, MCMC
algorithms, mixed-effects models, mixture models, Weibull distribution

1 Introduction

We will present a Bayesian semiparametric approach for an Accelerated Failure Time
(AFT) model for censored univariate data, on the basis of an application involv-
ing pressure vessels, which are critical components of the Space Shuttle. Given a
fixed p-vector of covariates x = (x1, . . . , x p)

′ the failure time T is modelled as
log T = x ′β + W , where β = (β1, . . . , βp)

′ is the vector of regression parame-
ters and W denotes the error. Recently this model has received much attention in
the Bayesian community, in particular in papers where the error W (or exp(W )) has
been represented hierarchically as a mixture of parametric densities with a Dirichlet
process as mixing measure, i.e., the well-known Dirichlet process mixture (DPM)
models, introduced by Lo [16]. Kuo and Mallick [13] were the first to model exp(W )
as a Dirichlet process location mixture, in particular assuming a DPM of normals
with fixed and small variance. Kottas and Gelfand [12] and Gelfand and Kottas [6]
propose a flexible semiparametric class of zero median distributions for the error,

Mantovan, P., Secchi, P. (Eds.): Complex Data Modeling and Computationally Intensive Statistical Methods
© Springer-Verlag Italia 2010
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which essentially consists of a Dirichlet process scale mixture of split 0-mean normals
(with skewness handled parametrically); this model seems very useful for estimating
regression effects and for survival analysis where it is known a priori that the error
distribution is unimodal. Since the marginal prior for exp(W ) in Kuo and Mallick [13]
gives positive probability to the negative reals, Hanson [8] proposes a DPM model
of gamma densities, mixing over both the scale and the shape of the gammas, for the
distribution of exp(W ). Argiento et al. [1] compare models in the same setting when
the mixing measure is either a Dirichlet process or a normalised inverse Gaussian
process.

The application considered here is based on a dataset of 108 lifetimes of pressure
vessels wrapped with a commercial fibre called Kevlar, obtained from a series of
accelerated life tests; the fibre comes from eight different spools and four levels of
stress (pressure) are used. Eleven lifetimes with the lowest level of stress are admin-
istratively censored at 41,000 hours. Crowder et al. [5] present a frequentist analysis
of these data and fit an AFT model with both stress and spool as fixed effects, us-
ing Weibull distributions to model survival times. León et al. [14] take a Bayesian
parametric approach to the problem, still using Weibull survival times, however con-
sidering a mixed-effects model, where the parameters for the spool effect in the linear
predictor are exchangeable. This choice follows from the finding (common to all the
cited references) that spools have a significant effect on the failure time, so that it is
necessary to have a model for predicting the failure time when a new spool is selected
at random from the population of spools. As a further generalisation, a greater de-
gree of model flexibility can be obtained by imposing a non-parametric hierarchical
mixture on the error term. We will see that a consequence of this assumption is a new
representation of the exchangeable spool effect parameters in the model as mixture
components. We then consider T = exp(x ′β)V , V := eW where the error distribu-
tion is represented as a non-parametric hierarchical mixture of Weibull distributions
on both the shape and the rate parameters. One of the distinctive features of our mix-
tures with respect to the previously proposed Bayesian semiparametric models is the
use of a normalised generalised gamma measure as a prior for the mixing distribution
G. Such a family is more flexible that Dirichlet (which is included here), since it
is indexed by an additional parameter which controls the clustering property of the
non-parametric hierarchical mixture. The Bayesian semiparametric approach makes
it also possible to obtain interval estimates for the predictive distribution of the failure
time of a vessel under a given stress condition and for its quantiles: a characterisation
of G in terms of Poisson processes allows in fact its direct MCMC simulation. With
respect to the Bayesian mixed-effects model, another feature of our approach is that
the grouping of observations is not fixed (as dictated by the spool number), but is
random and is inferred from the data. This information however is not lost, but is
included in the prior distribution via the hyperparameters. Therefore, membership
to a group is modelled non-parametrically, thanks to the clustering property of dis-
crete random probability measures such as G. Other papers assuming random effects
modelled non-parametrically include Kleinman and Ibrahim [11] and Jara et al. [10].

Compared to previous analyses, the non-parametric mixture model for the error
better follows the log-linear relationship between failure times and covariates. Other
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diagnostic plots, such as the predictive tail probabilities and the Bayesian residuals
show good agreement between the model and the data. Finally, the interval estimates
obtained with the non-parametric shape-rate mixture error model are narrower than
those under the parametric mixed-effects model.

The paper is organised as follows. Section 2 presents the AFT model used so far
to analyse the dataset considered. In Section 3 we introduce our semiparametric AFT
model and give the structure of the non-parametric hierarchical mixture prior to the
error term. The application to Kevlar fibres is presented in Section 4, while conclusions
and comments are given in Section 5. The Appendix sketches the algorithm used to
compute inferences.

2 Accelerated life models for Kevlar fibre life data

Crowder et al. [5] consider 108 Kevlar fibre lifetimes, coming from the combination
of eight different spools and four levels of stress (pressure), and fit an AFT model
with both stress and spool as fixed effects, assuming a Weibull distribution for the
lifetimes. The model can be described as follows: for stress level x , spool i and test
number j ,

Txi j
ind∼ Weibull(r, λxi ), j = 1, . . . , nxi , i = 1, . . . , 8, (1)

where nxi denotes the number of tests from spool i and stress level x and r > 0, or
equivalently, the distribution function of Txi j from spool i is

Fxi (t) = 1 − e
−
(

t
λxi

)r

, t > 0, (2)

with
log(λxi ) = β0 + β1 log x + αi , i = 1, . . . , 8. (3)

Crowder et al. [5] assume the log-stress as well as the spool as fixed effects. They find
that the spool effect is very significant in the model and obtain an acceptable fit as far
as the plot of residuals are concerned, but with a less satisfactory performance for the
lowest stress level. In a recent paper, León et al. [14] argue that the fixed-effects model
does not allow to make inference on vessels wrapped with fibre taken from a new
spool. For the likelihood as in (1), they fit a Bayesian mixed-effects model and also
a Bayesian fixed-effects model, the latter mainly for comparison with the frequentist
model. More specifically, León et al. [14] assume the spool as a random effect, that
is, (α1, . . . , α8) in (2)-(3) are conditionally i.i.d. N(0, σ 2

α ) with an inverse gamma
prior for σ 2

α , and β0 and β1 are given independent priors, as customary in Bayesian
regression models. Then, it becomes possible to evaluate the predictive distribution
of the life T109 of a new pressure vessel wrapped with fibre from a ninth spool, subject
to a log-stress x :

f (t109 | data, x) =
∫

f (t109 | β, α9, r, x) f (β, α9, r | data) dβdα9d r, where

f (β, α9, r | data) =
∫

f (α9 | σ2
α) f (β, r, σ 2

α | data) dσ2
α .
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For every tested spool and for a new spool, the authors calculate point and interval
estimates for the first percentile of the failure time distribution when stress is 23.4
MPa (MegaPascal), the lowest value in the dataset, and for the median with stress 22.5
MPa. With regards to the eight tested spools, they observe that the Bayesian mixed-
effects model produces a shrinkage effect of the estimates for the more extreme spools
toward a middle value, compared to the fixed-effects model; the interval estimates
are also narrower on average. With regards to a new spool, the resulting prediction
intervals are too wide to make statements about the reliability of the Space Shuttle.

3 The Bayesian semiparametric AFT model

In order to describe the Bayesian semiparametric model, it is better to rewrite model
(1) as

Txi j = exp (β1 log x + αi)Vi j , j = 1, . . . , nxi , i = 1, . . . , 8,

where
Vi j

iid∼ Weibull(ϑ1, ϑ2), ϑ2 = eβ0 .

To assume a more flexible model, we replace the Weibull distribution for the error
with a non-parametric mixture of Weibulls, so that:

Txi j = exp (β1 log x + αi)Vi j , j = 1, . . . , nxi , i = 1, . . . , 8,

Vi j | ϑ1i j , ϑ2i j
ind∼ Weibull(ϑ1i j , ϑ2i j )

(ϑ1i j , ϑ2i j )|G iid∼ G,

G ∼ N GG(σ, η,G0)

β1 ∼ π, β1 ⊥ G.

(4)

Observe that, under this assumption, given G, the Vi j are independent and identically
distributed according to the (non-parametric mixture) distribution function

F(v ; G) =
∫



(
1 − e

−
(

v
ϑ2

)ϑ1
)

G(dϑ1, dϑ2). (5)

The mixing distributionassumed for the error V is a (a.s.) discrete random measure G,
namely G is a normalised generalised gamma process, in short G ∼ N GG(σ, η,G0).
The usual choice for V is a Dirichlet process mixture, that is, the non-parametric
process prior for G is a Dirichlet process. However, the NGG process prior, which is
now briefly described, is more general and includes the Dirichlet process. Let 
 be a
Borel subset ofRs for some positive integer s, with its Borel σ -algebra B(
), and let
G0 be a probability on 
. G is a normalised generalised gamma random probability
measure on 
 when G can be written as

G =
+∞∑
i=1

PiδXi =
+∞∑
i=1

Ji

T
δXi , (6)
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where Pi := Ji
T for any i = 1, 2, . . . , T := ∑

i Ji , and J1 ≥ J2 ≥ . . . are the ranked
values of points in a Poisson process on (0,+∞) with intensity

�(ds) = ση

�(1 − σ)
s−σ−1e−sI(0,+∞)(s)ds ,

and 0 ≤ σ ≤ 1, η ≥ 0. Moreover, the sequences (Pi )i and (Xi)i are indepen-
dent, (Xi )i being i.i.d. from G0. This process includes several well-known stochastic
processes, namely the Dirichlet process if σ = 0, the Normalised Inverse Gaussian
process if σ = 1/2 (Lijoi et al. [15] ), and it degenerates on G0 if σ = 1. See also
Pitman [18,19].

Generally, the finite dimensional distributions of P are not available in closed
analytic form. However, the distribution G0 functions as the mean distribution of the
process, because, for any set B,

E (G(B)) = G0(B) and Var (G(B)) = G0(B)(1 − G0(B))I(σ, η)
where I(σ, η) ranges in (0, 1] and is a decreasing function of σ for fixed η > 0 and
a decreasing function of η for fixed σ ∈ (0, 1). See Argiento et al. [2] for an explicit
expression of I(σ, η).

According to (4), the hyperparameters are G0, η, σ and those within the priors
of β1.

We may draw an interesting analogy with the Bayesian mixed-effects model
in Leon et al. [14], where the random effect parameters (α1, . . . , α8) in (2)-(3)
are assumed exchangeable. In fact, conditionally on β1, αi and {(ϑ1i j , ϑ2i j ), j =
1, . . . , nxi }, i = 1, . . . , 8, model (4) is equivalent to

Txi j ∼ Weibull(ϑ1i j , λxi j ) j = 1, . . . , nxi, i = 1, . . . , 8,

log(λxi j ) = β1 log(x)+ αi + log(ϑ2i j ).

The αi’s in the equation above are redundant, therefore we remove them, retaining
only the vector (logϑ2i j )i j of exchangeable parameters:

Txi j ∼ Weibull(ϑ1i j , λxi j ) j = 1, . . . , nxi , i = 1, . . . , 8,

log(λxi j ) = β1 log(x)+ log(ϑ2i j )

(ϑ1i j , ϑ2i j ) | G
iid∼ G,

(7)

with an NGG process prior for G, which takes the place of σ2
α in the Bayesian mixed-

effects model. The terms (logϑ2i j ) in (7) hold the same place of the αi ’s in León et
al. [14], with the difference that here the number of groups is random and can vary
between one and n = 108, because of the ties induced by the discreteness of G. In this
way we seem to have a twofold advantage over the Bayesian parametric mixed-effects
model: the distribution of the error term is more flexible due to the non-parametric
structure and we need not fix the number of groups and the membership to each group
in advance, because they are inferred along with the other unknown quantities, thanks
to the discreteness of G. With regards to this second point, in our specific problem two
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spools might have the same effect on survival for example, but we would not know
in advance. We should observe that the components in the semiparametric mixture
can be interpreted as latent groups in the data, but they are only loosely related to the
levels taken by the spool effect. In fact, two lifetimes from the same spool could be
assigned to different groups, maybe reflecting the influence of other unobserved latent
factors. An alternative formulation of the model to handle the spool effects explicitly
could be an AFT regression with parametric random effects for the spool and the error
modeled as a non-parametric shape mixture of Weibull distributions. In any case the
prior information concerning the actual number of spools can be incorporated into
the model through (σ, η), since these hyperparameters induce a prior distribution on
the number of clusters in (5). A sensitivity analysis can then follow by varying (σ, η)
on a finite grid.

As a final remark on modeling issues, observe that, unlike in (3) whereE(αi |σ2
α ) =

0, we have not assumed a random intercept β0 in (7). If we did, we could rewrite
log(λxi j ) so that “random effect” has a zero conditional mean:

log(λxi j ) = β0 + E(logϑ2i j | G) + β1 log(x) + log(ϑ2i j )− E(logϑ2i j | G);
in this case β0 and E(logϑ2i j | G) would be confounded.

4 Data analysis

In this section we analyse the Kevlar fibre failure data and compare our results to
those obtained previously by León et al. [14].

Model (4)needs to be completed with the specification of G0 and the prior distribu-
tion for β1. We assume β1 to be normal with mean zero and variance 104. Concerning
G0 we choose the product of two independent gamma distributions, defining the prior
density of (ϑ1, ϑ2) as

g0(ϑ1, ϑ2) = dc

�(c)
ϑc−1

1 e−dϑ1 × ba

�(a)
ϑa−1

2 e−bϑ2, ϑ1 > 0, ϑ2 > 0.

Then we choose the hyperparameters a, b, c, d such that E(log(Vi j )) yields any de-
sired prior mean for the intercept. As commonly done, we impose E(log(Vi j )) = 0
for each i and j , provided hyperparameters are such that it exists. Straightforward
conditioning arguments and the tables of integrals show that

E(log(Vi j )) = ψ(a)− log(b)− γ
d

c − 1
if c > 1,

and

Var(log(Vi j )) = d2

(c − 1)2

[(
π2

6
+ γ

)
1

c − 2
+ π2

6

]
+ ψ ′(a) if c > 2,

where γ � 0.577 is the Euler constant and ψ(·) is the digamma function. We fixed
several quadruplets of hyperparameters, with c/d = 1, representing the prior expected
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value of the shape parameter ϑ2, whereas (a, b) is selected to have E(log(Vi j )) = 0
when it is finite. Here we display results for a = 0.5, b = 0.044, c = d = 2 so
that only the first moment of log Vi j is finite. In Table 1 we report point and interval
estimates of the quantiles of the predictive distributions under our mixture model and
compare them to those in the parametric Bayesian mixed-effects model in León et
al. [14] (i.e. the median at the extrapolated stress level of 22.5 MPa, and the 0.01
quantile at the lowest stress level of 23.4 MPa of the predictive distributions). The
distributions of the quantiles themselves are estimated from the sequence of quan-
tiles of the G distribution sampled through the MCMC algorithm described in the
Appendix. Notice how much narrower the interval estimates are compared to those
under the parametric mixed-effects model, and how the predictive median survival
times at stress level equal to 22.5 are much larger than those under the parametric
model. We conjecture that this happens because the residual term in the semipara-
metric model has heavier tails, as implied, for instance, by the prior assumption that
only the first moment of log Vi j is finite. In this case, the resulting prior for the error
term yields a robust heavy-tailed semiparametric regression model. The values of
hyperparameters (σ, η) governing the non-parametric mixing measure G were fixed
so that the prior expected number of components in the mixture (also called clusters)
is close to 8, in order to use the prior information on the number of spools.

Table 1. Median of the predictive distribution of failure time at stress 22.5 MPa and 0.01
quantile of the predictive distribution of failure time at stress 23.4 MPa (with 95% credibility
intervals) under the semiparametric mixture model for two sets of hyperparameters, and under
the parametric mixed-effects model

σ = 0.1, η = 10 σ = 0.3, η = 1 parametric mixed-effects

Median 22.5a 204.84 (98.34, 406.86) 198.73 (93.01, 414.27) 53.68 (1.87, 1479)
0.01-quantile
23.4b

699.85(309.47,1776.50) 666.85(295.69,1700.17) 671 (21.96,19290)

a In thousands of hours; b in hours.

The plots of the posterior distributions of the number of clusters for (σ, η) equal
to (0.1, 10) or (0.3, 1) (see Figure 1) have their modes in 5, 6 or 7, suggesting a more
parsimonious modelling, with 8 still being an a posteriori credible value.

In Figure 2 a scatterplot of the log survival-time against the covariate (log-stress)
is shown together with the estimates of the median survival time under the parametric
and semiparametric AFT model. The regression line obtained under the frequentist
AFT regression with Weibull errors agrees with our interval estimate. We notice that
the semiparametric structure of the distribution of log(V ) better follows the log-linear
relationship between survival time and stress.

Finally, we consider other goodness-of-fit tools. The first are the posterior pre-
dictive p-values, as meant in Gelman et al. [7] Chapter 6, for the parametric and
semiparametric mixed-effects models; more specifically, for all non-censored obser-



20 R. Argiento, A. Guglielmi and A. Pievatolo

0.
00

0.
05

0.
10

0.
15

0.
20

a=0.5, b=0.044, c=2, d=2, eta=10, sigma=0.1

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Posterior number of mixture components

0.
00

0.
05

0.
10

0.
15

0.
20

a=0.5, b=0.059, c=3, d=3, eta=10, sigma=0.1

 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Posterior number of mixture components

0.
00

0.
05

0.
10

0.
15

0.
20

a=0.5, b=0.044, c=2, d=2, eta=1, sigma=0.3

 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19

Posterior number of mixture components

0.
00

0.
05

0.
10

0.
15

a=0.5, b=0.059, c=3, d=3, eta=1, sigma=0.3

1 2 3 4 5 6 7 8 9 10 12 14 16 18 20

Posterior number of mixture components

Fig. 1. Posterior distributions of the number of clusters under the NGG-mixture for different
hyperparameter values

vations, we computed

min
(
P(T new

i > ti |data, xi, spooli ),P(T
new

i < ti |data, xi, spooli )
)
,

i = 1, . . . , 97

under the parametric model, using the WinBUGS code available in Leon’s paper [14],
averaging the tail probabilities given by (2), with respect to the MCMC iterate values
of the parameters (β0, β1, r, αi ) in (3). Here T new

i denotes the i-th “replicated data
that could have been observed, or, to think predictively, as the data that we would
see tomorrow if the experiment that produced ti today were replicated with the same
model and the same value of θ that produced the observed data” (Gelman et al. [7],
Section 6.3). A value close to 0 denotes that the model is inadequate in fitting this
observation. To simplify, observations with posterior predictive p-values less than 0.1
(let’s say) were classified as “unusual” or “outlier”.

Recall that our model (4) implicitly includes a random effect whose distribution is
induced by the non-parametric prior. Therefore we calculate, for each i correspond-
ing to an uncensored observation, the posterior predictive probability that the i-th
replicated data T new

i is larger than ti∫
R×


exp

(
−
(

ti
λxi

)ϑ1i
)

L(dβ1, dθi |data),
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Fig. 2. Scatterplot of log-survival time against log-stress. Corresponding to log-stress equal
to log(22.5) = 3.11 the credible intervals of the predictive survival median time are shown
(dashed is parametric, solid is semiparametric). The dot-dashed line is the parametric AFT
regression line under Weibull errors, and the triangle is the corresponding estimate of the
median

or smaller than ti , and then we take the minimum. Here L(dβ1, dθi |data) denotes
the joint posterior of β1 and the latent θi associated with ti (check notation at the
beginning of the Appendix). In Figure 3 we plotted the posterior predicted p-values
just described, together with straight lines at level 0.1. Both models provide a good
fit; the “unusual” observations under the parametric mixed-effects model are 18, but
they are only 4 in our setting. As for the interval estimates, we explain the good
performance of our p-values by the heavy-tailed error distributions.

The second goodness-of-fit tool we computed are the Bayesian residuals, as sug-
gested in Chaloner and Brant [4], under the two models. In that paper, the authors
define an outlier as any observation which has a surprising value of the “error” Wi j .
Equation (1), which is the likelihood for the parametric model, can be written as

log Txi j = β0 + β1 log x + αi + Wi j

r
, j = 1, . . . , nxi , i = 1, . . . , 8, (8)

where, conditioning on the parameters and the covariates, the Wi j ’s are independent
and identically distributed according to the (standard) Gumbel distribution function
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Fig. 3. Predictive tail probabilities for the uncensored observations under (b) parametric and
(a) semiparametric models; straight lines are at level 0.1

FW (w) = 1 − exp (− exp(w)). Therefore we consider the realised errors (for uncen-
sored observations only)

εi j = r
(
log ti j − (β0 + β1 log xi j + αi)

)
, j = 1, . . . , nxi , i = 1, . . . , 8,

obtained solving (8) w.r.t. Wi j . On the other hand, under the non-parametric model,
(7) is equivalent to

log Txi j = β1 log x + log(ϑ2i j )+ Wi j

ϑ1i j
, j = 1, . . . , nxi , i = 1, . . . , 8,

so that the Bayesian residuals for uncensored observations are

εi j = ϑ1i j
(
log ti j − (β1xi + logϑ2i j )

)
.

Each εi j is a function of the unknown parameters, so that its posterior distribution
can be computed through MCMC simulation, and later examined for indications of
possible departures from the assumed model and the presence of outliers (see also
Chaloner [3]). Therefore, it is sensible to plot credibility intervals for the marginal
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Fig. 4. Bayesian residuals for the uncensored observations under (b) parametric and (a) semi-
parametric models; the dashed lines are 0.025- and 0.975-quantiles of the standard Gumbel
distribution

posterior of each εi j , comparing them to the marginal prior credibility intervals (of
the same level).

For the plotting we computed the fitted log-failure times under the two models:

̂log Txi j = E

(
β1 log xi + αi + Wi j

r
|data

)
(parametric)

̂log Txi j = E

(
β1 log xi + log(ϑ2i j )+ Wi j

ϑ1i j
|data

)
(semiparametric).

Figure 4 displays the 95% credibility intervals of the Bayesian residuals under the
semiparametric and parametric models respectively, against the “fitted” log-failure
times. The dashed lines in the plot denote the 0.025 and 0.975 quantiles of the prior
marginal distribution (the standard Gumbel). The medians of the residuals are less
close to the prior limits in the semiparametric model; on the other hand the credibility
intervals are wider, because of the additional variability determined by the random
partitioning of the observations. The residuals are also less scattered, which is probably
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due to a re-classification of observations into more homogeneous groups (with respect
to their mean) than the grouping induced by the spools. In Figure 4(b), we also
observe that the distinct fitted log-failure times are 27, corresponding to the number
of combinations of stress and spool for the uncensored observations.

5 Conclusions

We have fitted a dataset of 108 lifetimes of Kevlar pressure vessels with two covariates
(spool and stress) to an AFT model. The error term was modeled as a non-parametric
hierarchical mixture of Weibull distributions on both the shape and the rate, yielding
an alternative to a parametric Bayesian mixed-effects model. Here the mixing measure
was assumed to be a normalised generalised gamma random measure, indexed by two
parameters. The goodness-of-fit of the parametric and the semiparametric models are
comparable. We also found that the latter better follows the log-linear relationship
between failure times and covariates. We obtained narrower interval estimates of the
quantiles considered. As mentioned in the paper, our model presents an analogy with
the Bayesian parametric mixed-effects model; in any case, its advantages consist of a
more flexible distribution of the error term and a random number of groups induced
by the non-parametric model itself. However, one should be aware that the grouping
of the observations embeds both the random spool effect and possibly of other latent
effects. In our opinion, this is not necessarily a drawback, because the information
on the spool effect is included in the hyperparameters of the non-parametric process
prior. Hence, as long as the model shows good predictive performances, both known
and unknown random effects are duly taken into account.

Acknowledgement. We thank Annalisa Cadonna for running the WinBUGS code and for com-
puting the Bayesian estimates of the parametric mixed-effects model of León et al. [14].

Appendix

Computation of full Bayesian inferences requires knowledge of the posterior distri-
bution of the random distribution function F(v ; G) in (5), as well as the posterior
distribution of the regression parameter β1. Here it is possible to build an MCMC
algorithm which approximates the posterior distribution of G, so that we will also
provide credibility intervals for F(v ; G).

The hierarchical structure of model (4), indicates that, conditionally on G, every
lifetime Ti is associated with a point θi = (ϑ1i , ϑ2i ) from the support of G. These
points are not necessarily distinct. We denote the distinct values within the n-tuple
θ = (θ1, . . . , θn) by ψ = (ψ1, . . . , ψn(π)), where n(π) is their number, 1 ≤ n(π) ≤
n. The elements of ψ are matched to the elements of θ by means of the induced
partition of the indexes {1, . . . , n}, which we denote by π = {C1, . . . ,Cn(π)}, where
C j = {i : θi = ψ j }.
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Let t108
98 = (t98, . . . , t108) be the vector of the imputed censored failure times. The

state of the Markov chain will be (G, θ , β1, t108
98 ) = (G, ψ, π, β1, t108

98 ). In order to
build a Gibbs sampler, we must be able to sample from all the full conditional posterior
distributions, and in particular from the full conditional of G. By a characterisation
of the posterior distribution of G given in James et al. [9], sampling from the full
conditional of G amounts to sampling the n(π) weights assigned to the points in ψ
and both the (infinite) remaining weights and support points of G. An augmentation
of the state space with an auxiliary variable u, allows for an independent conditional
sampling of the two groups of random variables. Then the actual state of the chain will
be (G, ψ, π, β1, t108

98 , u). For more explanation and details concerning the meaning
of u, we refer the reader to James et al. [9], Nieto-Barajas and Prünster [17] and to
Argiento et al. [2] and here simply sketch the steps of our algorithm, with the square
bracket notation denoting probability distributions. We also omit the indication of the
observed failure times among the conditioning random variables for ease of notation.

Sampling G: By conditional independence, G depends on the observed lifetimes only
through the vector θ. Therefore, using the equivalent representation (ψ, π) for
θ , [G | ψ, π, u] is the law of the following random measure (to be normalised)

G∗ ∝
+∞∑
j=1

J jδτ j +
n(π)∑
j=1

L j δψ j ,

where theψ j ’s are fixed points in the support of G∗ and the remaining weights and
support points are random. While the sequence (J j ) j should be infinite, we use a
finite sequence (J j )1≤ j≤M , where the truncation point M is chosen as described
in Argiento et al. [2], along with the details of the simulation method from the
Poisson process.

Sampling θ : Using the truncated distribution G∗ sampled at the previous step, we
have, as i = 1, . . . , n, [θi | G∗, θ−i , β1, t108

98 , u] = [θi | G∗, β1, t108
98 ], where the

dependence on the failure times and β1 is retained, because θi is the parameter of
the kernel density. Using Bayes theorem it can be shown that, for i = 1, . . . , n,

[θi | G∗, β1, t108
98 ] ∝

M∑
j=1

J j k(vi ; θi )δτ j (dθi )+
n(π)∑
j=1

L j k(vi ; θi )δψ j (dθi ),

where vi = e−β1 log(xi )ti .
Sampling β1: The full conditional of β1 is log-concave and is amenable to adaptive

rejection sampling.
Sampling u: James et al. [9] derive the full conditional of u, which is a non-standard

distribution, and a Metropolis step was expressly designed.
Sampling t108

98 : All the censored failure times have the same censoring point at 41,000
hours. The failure times are conditionally independent given θ , so that the full
conditional of ti , i = 98, . . . , 108 is a left-truncated Weibull distribution with
shape ϑ1i and rate ϑ2i , so that its survival function can be inverted exactly. This
concludes the MCMC sweep.
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Space filling and locally optimal designs for Gaussian
Universal Kriging

Alessandro Baldi Antognini and Maroussa Zagoraiou

Abstract. Computer simulations are often used to replace physical experiments aimed at ex-
ploring the complex relationships between input and output variables. Undoubtedly, computer
experiments have several advantages over real ones, however, when the response function is
complex, simulation runs may be very expensive and/or time-consuming, and a possible solu-
tion consists of approximating the simulator by a suitable stochastic metamodel, simpler and
much faster to run. Several metamodel techniques have been suggested in the literature and
one of the most popular is the Kriging methodology. In this paper we study the optimal design
problem for the Universal Kriging metamodel with respect to different approaches, related
to prediction, information gain and estimation. Also we give further justifications and some
criticism concerning the adoption of the space filling designs, based on theoretical results and
numerical evidence as well.

Key words: simulator, metamodel, Universal Kriging, D-optimality, space filling design, en-
tropy, integrated mean squared prediction error

1 Introduction

Processes are so complex in many areas of science and technology that physical ex-
perimentation is often too time-consuming or expensive. Thus, computer simulations
are often used to replace real experiments. These experiments rely on several runs of
a computer code, which implements a simulation model of a physical system of in-
terest, usually aimed at investigating a deterministic Input/Output (I/O) relationship.
However, the request that the simulator should be accurate in describing the physical
system means that the simulator itself may be rather complex. This has led to the
use of surrogate models, also called metamodels, which are computationally cheaper
alternatives of the simulation models. In general, these metamodels are statistical
interpolators, fitted from the simulated data, which represent a valid approximation
of the original simulator and allow us to obtain efficient prediction of the I/O func-
tion at the entire design region. Several surrogate techniques have been suggested
in the literature and the Kriging methodology, introduced by D.G. Krige and further
developed by different authors, has become one of the most popular in the context of

Mantovan, P., Secchi, P. (Eds.): Complex Data Modeling and Computationally Intensive Statistical Methods
© Springer-Verlag Italia 2010
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computer experiments since the pioneering paper of Sacks et al. [14]. Adopting this
approach, the deterministic output of the computer code is regarded as a realisation
of a stationary Gaussian process, whose covariance structure is usually modeled in
a parametric way to reflect the available information about the I/O function. After
data have been collected, the unknown parameters of the model will be estimated and
the Kriging interpolator will be derived in order to predict the deterministic output at
untried sites.

In this setting, the experimental design problem consists of selecting the inputs
at which to run a computer code. Space filling and optimal criterion-based designs
are the main approaches found in the literature for designing a computer experiment.
Space-filling designs represent the most widely used class of procedures in this ap-
plication field. The reason lies in their simplicity and the fact that it is often important
to obtain information from the entire design space, which has to be filled in a uniform
way. There are several techniques to define what it means to spread points, especially
in the multidimensional setting, and these lead to a variety of designs within the space
filling class, such as the well-known Latin hypercube designs (for recent literature
see [9]).

Adopting an optimal design approach, given the metamodel it is possible to for-
mulate specific optimality criteria which reflect the experimental goals (see [5]). For
instance, the choice of the observation points could be carried out in order to acquire
the maximum amount of information from the experiment. Assuming an information-
theoretic approach, Shannon’s entropy has been widely used in statistics as a measure
of uncertainty and the change in entropy before and after collecting data was intro-
duced as a design criterion with the aim of maximising the information gain (see for
instance [16]). Otherwise, the input locations can be chosen for accurate prediction
of the output of the simulator and most of the progress in this area has been made
with respect to criteria based on suitable functionals of the Mean Square Prediction
Error (MSPE), such as the Integrated Mean Squared Prediction Error representing
an averaged version of the MSPE over the design space (see for example [15]). Re-
cently, several authors have focused on the problem of choosing the design in order
to estimate the parameters of interest with high efficiency. Since the Fisher infor-
mation matrix can still be regarded as a measure of the estimation precision even in
the presence of correlated observations, classical optimality criteria (like for instance
D, Ds, . . .) have been taken into account [10,22,24].

The aim of this paper is to analyse the optimal design problem for the Uni-
versal Kriging metamodel with respect to different approaches, related to predic-
tion, information gain and estimation, generalising some recently obtained results
by [4, 7, 12, 17, 18, 22]. Starting from a brief discussion about the optimality proper-
ties of the space filling designs for the Ordinary Kriging, in Section 3 we prove that
these procedures are still optimal for the Universal Kriging with respect to the en-
tropy criterion. Section 4 deals with the optimal designs for estimation and prediction
showing that, in general, these criteria lead to local optimality problems. However,
even in this critical situation, numerical evidence points out that the adoption of the
space filling design is still rationale except in the case of the D-optimality criterion,
namely when the inferential aim is focused on the joint estimation of all the unknown
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parameters. Furthermore, the space filling designs perform particularly well when the
correlation between the observations is medium/high and, at the same time, the loss
of efficiency induced by these designs is quite small even when the observations tend
to be uncorrelated, i.e. in the case of misspecification of the model. Finally, Section 5
is dedicated to some conclusions and further developments in this topic.

2 Kriging methodology

Following [14], the Kriging approach consists of assuming the output y(x) of the
simulator as a realisation of a Gaussian process Y (x), also called Gaussian random
field, in the form

Y (x) = μ(x) + Z (x), x ∈ � ⊂ R ,

where μ(x) denotes the trend component, � is a compact interval of R and Z (x)
represents the departure of the response variable Y (x) from the trend. More precisely,
Z (·) is a zero-mean stationary Gaussian process with constant marginal variance
σ 2 and non-negative correlation function between two inputs that depends on their
distance and tends towards 1 as the distance moves towards 0.

Two different types of Kriging metamodels have been proposed in the literature
depending on the functional form of the trend component:

• Universal Kriging: the trend depends on x and is modeled in a regressive way:

μ(x) = f (x)tβ, (1)

where f (x) = ( f1(x), . . . , f p(x))t is a known vector function and β is a p-dim
vector of regressor coefficients;

• a special case of (1) is the widely used Ordinary Kriging, characterised by a
constant but unknown trend:

μ(x) = β0 for any x ∈ �. (2)

The study of Gaussian random fields is also a study of covariance or correlation
functions since they should be chosen in such a way to reflect the characteristics of
the output. For instance, for a smooth response, a correlation function with some
derivatives would be preferred, while an irregular response might call for a function
with no derivatives. A customary choice can be found within the power exponential
family, which is the most common model in the computer experiment literature. In
the 1-dimensional case, this class of correlation functions is given by

corr{Z (xi ), Z (x j )} = e−θ |xi −x j |p
xi , x j ∈ �,

where θ is a non-negative parameter that governs the intensity of the correlations
between input points and p ∈ (0; 2] is a smoothing parameter: for p = 2 we obtain
the Gaussian correlation, suitable for smooth and infinitely differentiable responses,
while when p = 1 we have the so-called exponential correlation. For a thorough
description of this topic see [1].
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In this paper we will focus our attention on the Universal Kriging (3) in the form

Y (x) = β0 + β1x + Z (x), x ∈ � ⊂ R , (3)

with exponential correlation structure

corr{Z (xi ), Z (x j)} = e−θ |xi −x j | θ > 0, xi , x j ∈ �, (4)

and we will consider the problem of an n-points design ξ = {x1, x2, . . . , xn}, in order
to reduce in some sense the uncertainty of the above metamodel. In what follows,
we set (w.l.o.g.) � = [0, 1] and x1 < x2 < . . . < xn (the design points need to
be distinct, due to the deterministic nature of the simulator). Furthermore, we also
assume that x1 = 0 and xn = 1, since under Kriging methodology, predictions in the
case of extrapolation are not advisable.

Observe that every n-points design induces univocally an (n − 1)−dim vector of
distances (d1, . . . , dn−1) where

di = xi+1 − xi ∈ (0; 1) for any i = 1, . . . , n − 1 and
n−1∑
i=1

di = 1,

and viceversa. Thus, from now on, ξ will denote the design in terms of both the set of
input locations 0 = x1 < x2 < . . . < xn = 1 or the corresponding vector of distances
(d1, . . . , dn−1).

3 Optimality of space filling designs

Space filling designs are very popular in the computer experiment literature, since
they represent a very natural and intuitive choice (for a thorough description, see [15]).
When the design space� is a compact subset ofR, a space filling design with n points
ξ̄ , also called equidistant, is generated by a set of equispaced input locations, namely

xi = i − 1

n − 1
, for any i = 1, . . . , n,

or in term of distances

d1 = d2 = . . . = dn−1 = (n − 1)−1 for any n ≥ 3.

However, the vast use of this class of procedures lies not only in their simplicity;
indeed, as shown by Baldi Antognini and Zagoraiou [4] for the Ordinary Kriging
model, the adoption of the equispaced design can be often regarded as an optimal
solution as the next theorem shows.

Theorem 1. (Baldi Antognini and Zagoraiou, 2009) Under the Ordinary Kriging
(2) with exponential correlation structure (4), for any sample size, the equidistant
design ξ̄ :
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• maximises the expected reduction in entropy;
• minimises the Integrated Mean Squared Prediction Error;
• maximises the information of the constant trend.

Therefore, the space filling design is optimal with respect to the information gain,
and also concerning the prediction and estimation of β0. However, ξ̄ minimises the
information of the correlation parameter and thus it represents the worst possible
solution for the estimation of θ . Moreover, when the inferential aim consists of esti-
mating both parameters β0 and θ , the D-optimal design depends itself on θ which
leads to a locally optimal solution.

A straightforward consequence of the previous theorem is that the space filling design
is still optimal under the Universal Kriging with respect to the information gain, as
shown by the next corollary.

Corollary 1. Under the Universal Kriging stated in (3) and (4), for any given sample
size the space filling design ξ̄ is optimal with respect to the entropy criterion.

Proof. Since the entropy is not affected by the structure of the trend component, the
result follows directly from the proof of theorem 5.2 in [4].

4 Locally optimal designs for Universal Kriging

4.1 Optimal designs for estimation

The problem arises of an optimal choice of the design points in order to estimate the
unknown parameters of the model with maximum precision. Assuming the maximum
likelihood approach, as shown by several authors (see for instance [2, 11, 23]) the
inverse of the Fisher information is a reasonable approximation of the covariance
matrix of the MLE’s, even in the presence of correlated observations; so, it is quite
natural to extend the classic optimal design theory to the present setting by taking
into account the classical optimality criteria, namely suitable functional of the Fisher
information matrix aimed at combining the uncertainty of the parameters of interest
(see for example [3]). Of special interest in our context are the D- and Ds -optimality
criteria adopting in this section.

Recalling that in the case of 1-dimensional input space the covariance parameters
θ and σ 2 cannot be identified simultaneously [21], in what follows, the variance will
be considered as a nuisance parameter and for simplicity we let (wlog) σ2 = 1,
whereas β = (β0; β1)

t and θ are the parameters of interest.
Let Yi = Y (xi ) and f (xi ) = (1, xi )

t for any i = 1, . . . , n, then the (3 × 3) Fisher
information associated with a design ξ is given by:

I (β, θ ; ξ ) =
(

Ft C−1 F 0

0t 1
2 tr

[(
C−1 ∂C

∂θ

)2
]) ,
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(see for instance [11]), where F = ( f (x1), . . . , f (xn))
t and C = C(θ) represents the

correlation matrix of the observations Y1, . . . , Yn; from (4), C is an (n ×n) symmetric
matrix whose (i, j )-th element is e−θ |xi −x j |, which depends on the corresponding
design points only through their distance.

Firstly, we give a simplification of the Fisher information matrix.

Theorem 2. Under the Universal Kriging model stated in (3) and (4), the Fisher
information I (β, θ ; ξ ) can be written as follows

I (β, θ ; ξ ) =
(

I (β; ξ ) 0

0t I (θ ; ξ )

)
, (5)

where

I (β; ξ ) =
⎛⎜⎝
∑n−1

i=1

(
xi+1 − xi + 1−e−θ(xi+1 −xi )

1+e−θ(xi+1 −xi )

) ∑n−1
i=1

xi+1 −xi e
−θ(xi+1 −xi )

1+e−θ(xi+1 −xi )∑n−1
i=1

xi+1−xi e−θ(xi+1 −xi )

1+e−θ(xi+1−xi )

∑n−1
i=1

(
xi+1 −xi e−θ(xi+1 −xi )

)2

1−e−2θ(xi+1 −xi )

⎞⎟⎠ ,

(6)
and

I (θ ; ξ ) =
n−1∑
i=1

(xi+1 − xi)
2
(
1 + e2θ(xi+1 −xi )

)(
e2θ(xi+1 −xi ) − 1

)2
. (7)

Proof. Following [22], the correlation matrix can be written as C = L DLt , where

L =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 . . . 0

e−θd1 1 0 . . . 0

e−θ∑2
i=1 di e−θd2 1 . . . 0
...

...
...

. . .
...

e−θ∑n−1
i=1 di e−θ∑n−1

i=2 di e−θ∑n−1
i=3 di . . . 1

⎞⎟⎟⎟⎟⎟⎟⎟⎠
,

and D is an (n×n)-diagonal matrix with D=diag
(
1, 1 − e−2θd1, . . . , 1 − e−2θdn−1

)
.

Then, C−1 = (D− 1
2 L−1)t (D− 1

2 L−1) where

L−1 =

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 . . . 0

−e−θd1 1 0 . . . 0

0 −e−θd2 1 . . . 0
...

. . .
. . .

. . .
...

0 . . . 0 −e−θdn−1 1

⎞⎟⎟⎟⎟⎟⎟⎠ ,
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and thus, I (β; ξ ) = Ft C−1 F = (D− 1
2 L−1F)t (D− 1

2 L−1F) with

D− 1
2 L−1F =

⎛⎜⎜⎜⎜⎜⎜⎝
1 0

1−e−θd1√
1−e−2θd1

x2−x1e−θd1√
1−e−2θd1

...
...

1−e−θdn−1√
1−e−2θn−1

xn −xn−1e−θdn−1√
1−e−2θdn−1

⎞⎟⎟⎟⎟⎟⎟⎠ .

Analogously, the expression I (θ ; ξ ) can be derived by tedious calculations (see [22]).

Notice that, from (5), (6) and (7):

• both components I (β; ξ ) and I (θ ; ξ ) depend on θ ;
• the Fisher information has a block-form, so that the estimation of the trend β =

(β0, β1)
t is uncorrelated with respect to that of the covariance parameters θ , while

the estimations of β0 and β1 are correlated;
• contrary to the Ordinary Kriging (see [4]), the Fisher information matrix cannot

be decomposed in an additive way in terms of information associated with each
distance between adjacent points. In fact,

I (β, θ ; ξ ) =
n−1∑
i=1

⎛⎜⎜⎜⎜⎝
di + 1−e−θdi

1+e−θdi

xi+1 −xi e−θdi

1+e−θdi
0

xi+1 −xi e−θdi

1+e−θdi

(
xi+1 −xi e−θdi

)2

1−e−2θdi
0

0 0
d2

i

(
1+e2θdi

)(
e2θdi −1

)2

⎞⎟⎟⎟⎟⎠ .

Thus, recalling that xi+1 = ∑i
j=1 d j for any i = 1, . . . , n − 1, each design point

makes a contribution to the Fisher information which depends on the distances
between the point taken into consideration and all the previous input locations.

Since for the Universal Kriging the estimation of the trend plays a fundamental role,
now we focus on the optimal design problem for estimating β = (β0, β1)

t . This
corresponds to the adoption of the so-called Ds -optimality criterion (see for instance
[3]) and the aim is to find the design that maximises

det I (β, θ ; ξ )
I (θ ; ξ ) = det I (β; ξ ). (8)

For n = 3, i.e. in the case of only one design point ξ = {x1 = 0, x2, x3 = 1},
numerical optimisation shows that the design that maximises det I (β; ξ ) depends on
the value of θ (local optimality), and from here will be indicated by ξ Ds

θ . In particular,
in the presence of medium/high correlated observations (i.e. for small values of θ)
the Ds-optimal design coincides with the equispaced one; while, as θ increases, ξ Ds

θ
moves towards the extremes of the interval (see also Figure 1).

Indeed, when the observations tend to be independent,

lim
θ→∞ det I (β; ξ ) = 2(x2

2 − x2 + 1),
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Fig. 1. Ds -optimality criterion for the estimation of the trend: x2 varies on the x-axis. The
values of θ from the bottom curve to the top curve are: 3, 5, 8, 20, 200, respectively

so that, according to the optimal design theory for the classical linear model, the
optimal choice consists of putting the input at an extreme of the experimental region.

As the sample size increases, numerical maximisation reflects the same behaviour
as previously, leading to a locally Ds -optimal design: the equispaced design is still
optimal for small values of the correlation parameter, while as θ grows the supremum
of det I (β; ξ ) moves towards the frontier points of �. For instance, when n = 4 we
obtain

lim
θ→∞ det I (β; ξ ) = 3(x2

2 + x2
3)− 2x2(1 + x3)− 2x3 + 3.

Taking into account the efficiency, it is possible to compare the performances of the
space filling design ξ̄ with respect to the locally optimal one ξ Ds

θ for different values
of θ . From (8) and (6), the Ds -efficiency is given by

Ds-Eff =
⎛⎝ det I (β; ξ̄ )

det I
(
β; ξ Ds

θ

)
⎞⎠ 1

2

.

As can be seen in Figure 2, the space filling design performs very well even in the case
of local optimality for every value of the correlation parameter, since it is Ds -optimal
for small θ’s, and, at the same time, guarantees high efficiency as θ increases.

Regarding the estimation of the correlation parameter, the Ds-optimality criterion
for the Universal Kriging coincides with that of the Ordinary Kriging, since I (θ ; ξ )
is not affected by the trend structure. Thus, as shown in [22], the optimal design does
not exist and the approximated Ds -optimal procedure for the estimation of θ tends to
put the observations at the extremes of the interval.

When the experimental aim consists of minimising the uncertainty regarding the
joint estimation of the whole set of parameters of interest β0, β1 and θ , it is customary
to assume the D-optimality criterion, so that the problem is to find the design that
maximises

det I (β, θ ; ξ ) = I (θ ; ξ ) · [det I (β; ξ )] .
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Fig. 2. Plots of the Ds -efficiency for the trend parameter β = (β0, β1)
t as θ varies with n = 3

(left) and n = 4 (right)

As shown in Figure 3, for n = 3 graphical evidence points to the fact that the approx-
imate D-optimal design is obtained for x2 → 0 (or, equivalently, x2 → 1), which
coincides with the optimal strategy for the estimation of θ ; the same behaviour has
been observed for n = 4. Nevertheless, numerical evidence shows that as n grows
the D-optimal design depends upon the value of the correlation parameter.

As previously done, we now compare the locally D-optimal design ξ D
θ with the

space filling procedure in terms of efficiency:

D-Eff =
(

det I (β, θ ; ξ̄ )
det I (β, θ ; ξ D

θ )

) 1
3

.

As shown in Figure 4, assuming the D-optimality criterion, the loss of efficiency
induced by the space filling design is crucial, since the component of the Fisher
information associated with the correlation parameter has a great impact on the D-
criterion, particularly for small sample sizes.

0.2 0.4 0.6 0.8 1

0.01

0.02

0.03

0.04

0.05

Fig. 3. D-optimality criterion: x2 varies on the x-axis. The values of θ from the top to the
bottom curve are 3, 5, 8, 20, respectively



36 A. Baldi Antognini and M. Zagoraiou

1 2 3 4 5 6 7 8 9 1011121314151617181920

0.2

0.4

0.6

0.8

1

1 2 3 4 5 6 7 8 9 1011121314151617181920

0.2

0.4

0.6

0.8

1

Fig. 4. Plots of the D-efficiency as θ varies with n = 3 (left) and n = 4 (right)

4.2 Optimal designs for prediction

As is well-known, accurate prediction represents one of the most important issues for
computer experiments and therefore there is a need to introduce suitable criteria for
choosing designs that predict the response well at untried points. Usually, this task is
treated by minimising some functionals of the Mean Squared Prediction Error

E
(
Ŷ (x) − Y (x)

)2 = 1 − ( f t (x); rt (x))

(
0 Ft

F C

)−1(
f (x)

r(x)

)
, (9)

where r(x) is the (n × 1) vector of correlations between the input x and the design
points x1, . . . , xn . In this framework, a very popular design criterion is the so-called
Integrated Mean Squared Prediction Error (IMSPE), namely an average version of
the MSPE in (9), given by

IMSPE (ξ ) =
∫
�

[
E
(
Ŷ (x)− Y (x)

)2
]

dx

=1 − tr

⎡⎣( 0 Ft

F C

)−1 ∫
�

(
f (x) f t(x) f (x)rt (x)

r(x) f t(x) r(x)r t (x)

)
dx

⎤⎦ .

(10)

A design is called IMSPE optimal if it minimises (10). Under the Universal Kriging
with exponential correlation structure (4), the IMSPE optimal design depends on the
correlation parameter θ , and will be indicated by ξ P

θ . For instance, when n = 3,
as shown in Figures 5 and 6, the space filling design is optimal if the correlation is
medium/high; whereas when the observations tend to be uncorrelated, the IMSPE
criterion forces the point at the extremes of the design interval.

In order to check the performances of the space filling design for prediction, we
have considered the ratio of the IMSPE criterion in (10) evaluated at the corresponding
locally optimal design ξ P

θ to the IMSPE(ξ̄ ), i.e.

IMSPE(ξ P
θ )/IMSPE

(
ξ̄
)
. (11)

As emerged from Figure 7, for small sample sizes, space filling designs represent
an approximately optimal strategy for prediction, since they are optimal for strongly
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Fig. 5. IMSPE criterion as x2 varies. The values of θ from the bottom curve to the top curve
are 3, 5, 8, 10

0.3 0.5 0.7 1

1.235

1.24

1.245

1.25

0.3 0.5 0.7 1

1.445

1.4475

1.45

1.4525

1.455

1.4575

1.46

Fig. 6. IMSPE criterion as x2 varies for θ = 20 (left) and θ = 100 (right)
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Fig. 7. Plots of the ratio in (11) as θ varies, with n = 3 (left) and n = 4 (right)

correlated observations and, at the same time, guarantee high efficiency as θ increases.
Thus, by covering the full range of the input domain, space filling designs lead to good
prediction over the entire experimental region.
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5 Conclusions

This paper deals with the optimal design problem for the Universal Kriging model,
emphasising the role of the space filling designs in the computer experiments field. In
particular, the adoption of this class of designs could be harmful when interest lies in
the estimation of the correlation parameter, while the equispaced design performs in
an optimal manner, or almost optimal, in several situations related to different criteria.
This is particularly true for small sample sizes in terms of both information gain and
prediction, even in the presence of local optimality problems.

In the latter case, when it is possible to simulate extensively from the computer
code a possible solution may consist of adopting a sequential approach which, by
employing at each stage the observed outcomes for estimating the unknown parame-
ters, can modify the design as it proceeds in order to converge to the unknown local
optimum. A vast amount of literature on sequential designs for computer experiments
based on the Kriging methodology is available. Usually, these methods consist of start-
ing with a pilot study (e.g. a space filling design) in order to get an initial estimation
of the unknown parameters of the model, and then a sequential procedure is activated
via the adoption of a suitable allocation rule, which specifies at each step the optimal
choice of the next design point. Finally, these procedures are stopped according to the
specification of a stopping rule based on cost/time considerations or required amount
of inferential accuracy. For a thorough description see [6,8,13,19,20].
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Exploitation, integration and statistical analysis of the
Public Health Database and STEMI Archive in the
Lombardia region

Pietro Barbieri, Niccolò Grieco, Francesca Ieva, Anna Maria Paganoni and
Piercesare Secchi

Abstract. We describe the nature and aims of the Strategic Program “Exploitation, integration
and study of current and future health databases in Lombardia for Acute Myocardial Infarction”.
The main goal of the Programme is the construction and statistical analysis of data coming
from the integration of complex clinical and administrative databases concerning patients with
Acute Coronary Syndromes treated in the Lombardia region. Clinical data sets arise from
observational studies about specific diseases, while administrative data arise from standardised
and on-going procedures of data collection. The linkage between clinical and administrative
databases enables the Lombardia region to create an efficient global system for collecting and
storing integrated longitudinal data, to check them, to guarantee their quality and to study them
from a statistical perspective.

Key words: health service research,biostatistics, data mining,generalised linearmixed models

1 Introduction

The major objective of the two year Strategic Program “Exploitation, integration and
study of current and future health databases in Lombardia for Acute Myocardial In-
farction” (IMA Project), funded by the Ministry of Health and by “Direzione Generale
Sanità – Regione Lombardia”, and started in January 2009, is the identification of
new diagnostic, therapeutic and organisational strategies to be applied to patients with
Acute Coronary Syndromes (ACS), in order to improve clinical outcomes.

The experience of the Milan network for cardiac emergency shows how a net-
working strategy that coordinates territory, rescue units and hospitals in a complex
urban area, with high technological and medical resources, improves the health care
of patients with ST-segment Elevation Myocardial Infarction (STEMI) and provides
the opportunity to collect and analyse data in order to optimise resources. Between
2006–2009 a pioneer pilot study called MOMI2 (MOnth MOnitoring Myocardial In-
farction in MIlan) was conducted by The Working Group for Cardiac Emergency in
Milan, the Cardiology Society, and the 118 Dispatch Centre (national free number
for medical emergencies) in the urban area of Milan to streamline an optimal care
process for patients with STEMI. The statistical analyses of data collected during

Mantovan, P., Secchi, P. (Eds.): Complex Data Modeling and Computationally Intensive Statistical Methods
© Springer-Verlag Italia 2010
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six time periods lasting from 30 to 60 days (MOMI2.1–MOMI2.6) have supported
best clinical practice which states that an early pre-alarm of the Emergency Room
(ER) is an essential step to improve the clinical treatment of patients. Pre-hospital
and in-hospital times have been highlighted as fundamental factors we can act on
to reduce the in-hospital mortality and to increase the rate of effective reperfusion
treatments of infarcted related arteries. In particular the study proved that, in order
to make the Door to Balloon time (DB)1 lower than 90 minutes – a limit suggested
by the American Heart Association/American College of Cardiology (AHA/ACC)
guidelines – it is fundamental to take and transmit the electrocardiogram as soon as
possible.

The results of these pilot studies indicated that a structured and efficient network
of transport (118) and hospitals makes the difference in achieving best clinical re-
sults. This has driven the Lombardia region to design a wider plan, starting from the
MOMI2 experience, in order to construct an archive concerning patients with ACS
and involving all the cardiology divisions of hospitals in Lombardia. The innovative
idea in this project is not only to guarantee the same procedures to such an extended
and intensive care area, but also to integrate data collected during this observational
study with administrative databases (Public Health Databases – PHD) arising from
standardised and on-going procedures of data collection; up to now these PHD have
been used only for monitoring and managing territorial policies.

The innovative result of this plan is then the construction for each patient of
an integrated longitudinal data vector containing both clinical histories and follow-
ups on which advanced statistical analysis can be performed. These analyses are
of paramount interest. Indeed, information coming from such data is much more
informative and complete than those coming separately from clinical registers or
administrative databases. For instance, we now have access to information concerning
related pathologies and repeated procedures.

Other different experiences encouraged the effort of the Lombardia region in de-
signing and supporting this challenging project. In particular it is worth mentioning
the experience of the Strategic Programme: “Detection, characterisation and pre-
vention of Major Adverse Cardiac Events after Drug Eluting Stent implantation in
patients with Acute Coronary Syndrome”, developed in the Emilia Romagna region,
and the implementation of the REAL registry (REgistro regionale AngiopLastiche
dell’Emilia-Romagna). This is a large prospective web-based multicentre registry
designed to collect clinical and angiographic data of all consecutive Percutaneous
Coronary Interventions (PCI) performed in a four million resident Italian region.
Thirteen public and private centres of interventional cardiology participate in data
collection. Procedural data are retrieved directly and continuously from the resident
databases of each laboratory, which share a common pre-specified dataset. In this case,
follow-up is obtained directly and independently from the Emilia-Romagna Regional
Health Agency through the analysis of the hospital discharge records and mortality

1 Door to Ballon time is a time measurement in emergency cardiac care. The interval starts
with the patient’s arrival in the emergency department, and ends when a catheter guide wire
crosses the culprit lesion in the cardiac cath lab.
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registries. This ensures a complete follow-up for 100% of patients resident in the
region [33,34]. The existence of this parallel register proves the scientific interest and
relevancy of these procedures in health care policy.

The relevance of the project is also proved by the fact that in the future it will
change data collection making it a standardised and compulsory procedure for all
hospitals in Lombardia2 [8].

In the following section we present the experience of the MOMI2 survey and the
statistical analyses performed on it. This seminal experience in the urban area of Milan
has been the motivating stimulus for the wider Strategic Programme. We then illustrate
the new register designed for the Strategic Programme (Section 3), called the STEMI
Archive, and the administrative data banks available for data integration (Section 4).
Finally, in the last section, we describe the statistical techniques that will be applied
for analysing data generated by the patients involved in the study (Section 5).

2 The MOMI2 study

A net connecting the territory of 23 hospitals by a centralised coordination of emer-
gency resources has been activated in the urban area of Milan since 2001. Its primary
aims are promoting the best utilisation of different reperfusion strategies, reducing
transport and decisional delays connected with logistics and therapies, and increasing
the number of patients undergoing primary Percutaneous Coronary Intervention (PCI)
within 90 minutes of arrival at the Emergency Room. Difficulties in reaching these
goals are primary due to the fact that the urban area of Milan is a complex territory
with a high density population (2.9 million resident and 1 million commuters daily)
and 27 hospitals, and a great number of different health care structures. Twenty-three
of them have a Cardiology Division and a Critical Care Unit; 18 offer a 24 hour
available Cath Lab for primary PCI, and 5 are completed with a Cardiac Surgery
unit. In order to monitor network activity, time to treatment and clinical outcomes,
data collected for MOMI2 related to patients admitted to hospitals belonging to the
net was planned and made during six periods corresponding to six monthly/bimestral
collections (respectively: MOMI2.1 from Jun 1st to 30th 2006, MOMI2.2 from Nov
15th to Dec 15th 2006, MOMI2.3 from Jun 1st to Jul 30th 2007, MOMI2.4 from Nov
15th to Dec 15th 2007, MOMI2.5 from Jun 1st to 30th 2008, MOMI2.6 from Jan 28th
to Feb 28th 2009). The whole dataset collects data relative to 841 patients.

The experience of the Milan network for cardiac emergency shows how a net-
working strategy that coordinates territory, rescue units and hospitals in a complex
urban area with high technological and medical resources, improves health care of
patients with STEMI and provides the opportunity to collect and analyse data in order
to optimise resources. There was a great number of patients treated with reperfusion
therapy (82%) with a low hospital mortality (6.7%), an extensive use of PCI (73%),
and a continuous attempt to reduce DB time. Almost 62% of patients met the guideline
recommendations with a DB time of less than 90 minutes.

2 Standardised and compulsory procedures for collecting data and sending them to Lombardia
data banks are called Debito Informativo.
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The analysis of the data collected in the MOMI2 surveys show that (see [13, 17,
18]) the DB time is greatly influenced by organisational pre-hospital and in-hospital
factors. In particular, we found that timing of the first ECG, means of transport to
hospital, pre-alert, direct fast track to the Cath Lab and presentation at the hospital
during working hours, were all relevant factors for the prediction of a DB time of less
than 90 minutes. Of particular interest was the finding that execution and transmission
of pre-hospital ECG (23% of patients), as well as triage within 10 minutes from ER
presentation (59% of patients), were the two most important predictive factors in
reducing DB time.

The analysis also focused on the dependence of principal performance indicators
(in particular times to treatment) and clinical outcomes. Other studies have found
conflicting results regarding the relationship between mortality and time to reperfusion
with PCI. Some investigators have found a lower mortality for shorter symptom onset-
to-balloon times either for all patients, or just certain subgroups such as those at
high-risk [6]. Other studies did not find a lower mortality for shorter symptom onset-
to-balloon times, but did find a lower mortality for shorter DB time [23]. Finally,
some studies failed to find an association between mortality and pre-hospital and in-
hospital times [27]. We detected [18] a connection between outcomes and times (both
concerning symptom onset and in-hospital times); in particular our analysis pointed
out the dependence between the efficacy of the reperfusion therapy (measured as a
70% reduction of the ST-segment elevation an hour after the PCI) and DB time and
symptom onset time.

Details of the analyses are given in [18]. Dependence between the DB time and
factors we can act upon in order to reduce it, has been explored by means of CARTs [4].
Indeed a CART analysis using Gini’s impurity index splits groups satisfying or not the
limit of 90 min for DB time in terms of time of first ECG within 10 minutes or not (see
also [36]), limits suggested by the AHA/ACC guidelines. In fact, the distribution of the
DB time in the population of patients with the first ECG within 10 minutes is confirmed
to be stochastically smaller than the corresponding distribution in patients with the first
ECG after 10 minutes; this stochastic order between the two distributionsis confirmed
by a Mann-Whitney test: p-value< 10−12. In order to assess the discriminatory power
of covariates we performed a random forest analysis [5] applied to CART predictors.
The length of bars in the right panel of Figure 1 is proportional to the discriminatory
power of each variable in splitting the groups of patients satisfying or not the limit
of 90 minutes for DB time. Time of first ECG and way of admittance are pointed out
as the most important covariates to distinguish the two groups. Investigation on the
dependency structure between these two covariates showed a masking effect between
the covariates detected by the classification analysis. An exact Fisher test, performed
on the contingency table of the mode of hospital admittance and a variable indicating if
the time of first ECG is within or not 10 minutes, shows strong statistical evidence (p-
value< 10−10) of dependence between these two covariates. The message generated
by these analyses is always the same: to have a DB time lower than 90 minutes, it is
fundamental to take and transmit an ECG as soon as possible.

The main outcomes (in-hospital survival and reperfusion efficacy) have been de-
scribed through linear logistic regressions as functions of the other variables in the
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Fig. 1. Left panel: CART analysis: the groups satisfying (right path) or not (left path) the limit
of 90 minutes for DB time are split in terms of first ECG within 10 minutes or not. Right panel:
Random Forest on CART predictors (drawn in the left panel) assessing discriminatory power
of covariates

dataset, in order to explore the relevance of the covariates in the improvement of
the two performance indicators. In-hospital survival and reperfusion efficiency are
both binary independent variables (Fisher exact test: p-value = 0.244). Denoting the
outcome variable under study as Y , and the set of p predictors as X, a linear logistic
regression model for the binary response Y can be written as

logit{P(X)} ≡ log

{
P(X)

1 − P(X)

}
= α +

p∑
j=1

βjXj , (1)

where P(X) = pr(Y = 1|X). Clinical best practice and a stepwise model selection
procedure based on backward selection with AIC criterion, pointed out killip class,
age and total ischemic time (symptom onset to balloon time) as explanatory variables
for the survival outcome. On the other hand, DB time and Symptom onset time have
been selected as explanatory variables for reperfusion efficacy. Figures 2 and 3 illus-
trate the results; the surfaces describe the probability of in-hospital survival and of
effective reperfusion, respectively. In-hospital survival probability decreases with in-
creasing age and total ischemic time, for both the cases of less and more severe STEMI
(measured by the killip class), but more strongly in the latter case. The probability of
effective reperfusion decreases with increasing symptom onset and DB time.

These results support the effort of acting on some control variables (such as the
reduction of DB time) in order to obtain an improvement in performance indicators
and thus to increase the probabilityof successful treatment. The significance of symp-
tom onset time in modeling the reperfusion efficacy suggests that it would be very
important to persuade the population to call the free emergency number as soon as
possible after symptom onset.
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Fig. 2. Left panel: In-hospital survival surface estimated by a linear logistic regression model
(killip class = 1 or 2). Right panel: In-hospital survival surface estimated by a linear logistic
regression model (killip class = 3 or 4)

Fig. 3. Reperfusion efficacy surface estimated by a linear logistic regression model

3 The STEMI Archive

In this section we describe the aims and contents of the STEMI Archive. The archive
has been designed according to the aims of the Strategic Programme and will be ready
to be tested by the end of 2009. It consists of the collection of clinical information
related to all patients admitted to hospitals of the Lombardia Network with STEMI
diagnosis, as in the MOMI2 collection for the urban area of Milan. From the infor-



The Public Health Database and STEMI Archive 47

mation contained in the archive it will be possible to construct a data set where each
patient will be represented by a profile with the following entries: individual serial
number, date of birth, sex, time of symptoms onset, type of symptoms, time to call
emergency services, type of rescue unit sent (advance or basic rescue unit, that is
with or without pre-hospital 12d ECG teletransmission), site of infarction on ECG,
mode of hospital admission, blood pressure and cardiac frequency at presentation,
history of cardiac pathology, pre-hospital medication, date and hour of angioplasty
(wiring), culprit lesion, ST resolution at 60 minutes, MACE (Major Adverse Cardio-
vascular Events) and Ejection Fraction at discharge. Personal data is collected so that
the patient can be identified and a complete follow-up can be recorded. Other data
are reported to evaluate critical times (symptom onset time, door to balloon time,
door to needle time, time of first ECG and first medical contact to reperfusion time)
with the aim of designing a preferential therapeutic path to reperfusion in STEMI
patients, and to direct patient flow through different pathways according to time (e.g.:
on hours vs off hours) or clinical conditions (killip class 1 or 2 vs others). Finally,
information concerning results and outcomes of the procedures will be resumed in
records attesting to whether a subject survives or not, and if the reperfusive procedure
was effective or not. As in the MOMI2 study, these data will represent some of the
principal outcomes of interest. The STEMI Archive should overcome the difficulties
faced with MOMI2 data collections related to non-uniformity, inaccuracy of filling
and data redundance. In particular, non-uniformity of data collection among different
structures, or among successive surveys, and inaccuracy in filling data set fields will
cease to be a problem because the archive procedure for collecting data will become
mandatory for all hospitals through a directive issued by the Lawmaker [24,26]. All
centres will fill in the registry using the same protocol and with the same software;
all fields of the data bank have been agreed by opinion leaders and scientific societies
of cardiologists and a unique data collector was identified in the Governance Agency
for Health, that will also be the data owner.

4 The Public Health Database

In this section we describe the structure, aim and use of the Lombardia Public Health
Database. Up to now, this database has been used for administrative purposes only,
since decision makers of health care organisations need information about the effi-
cacy and costs of health services. Randomised Controlled Trials (RCTs) remain the
accepted “gold standard” for determining the efficacy of new drugs or medical proce-
dures. Randomised trials alone, however, cannot provide all the relevant information
that decision makers need to weigh the implications of particular policies which af-
fect medical therapies. Moreover, quality organisations and professional societies
need information about the applicability of trial findings to the settings and patients
of interest. Research using disease and intervention registries, outcome studies using
administrative databases and performance indicators adopted by quality improvement
methods can all shed light on who is most likely to benefit, what the important trade-
offs are and how policy makers might promote the safe, effective and appropriate use
of new interventions.
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4.1 Healthcare databases

Administrative health care databases today play a central role in epidemiological
evaluation of the Lombardia health care system because of their widespread diffusion
and low cost of information. Public health care regulatory organisations can assist de-
cision makers in providing information based on available electronic health records,
promoting the development and the implementation of the methodological tools suit-
able for the analysis of administrative databases and answering questions concerning
disease management. The aim of this kind of evaluation is to estimate adherence to
best practice (in the setting of evidence based medicine) and the potential benefits
and harms of specific health policies. Health care databases can be analysed in order
to calculate measures of quality of care (quality indicators); moreover the implemen-
tation of disease and intervention registries based on administrative databases could
enable decision makers to monitor the diffusion of new procedures or the effects of
health policy interventions.

The Lombardia Region Data Warehouse, called “BDA” (Banca Dati Assistito),
contains a huge amount of data and requires specific and advanced tools and structures
for data mining and data analysis. The structure adopted by the Lombardia region is
called Star Scheme [22], since it is centred on three main databases (Ambulatoriale,
Farmaceutica, Ricoveri) containing information about visits, drugs, hospitalisations,
and surgical procedures that took place in hospitals in Lombardia, while being sup-
ported by secondary databases (Assistibili, Medici, Strutture e Farmacie, Farmaci,
Codici Diagnosi e Procedure Chirurgiche) which contain specific information about
procedure coding or anagraphical information about people involved in the care pro-
cess. The Star Scheme does not allow for repetition in record entering, i.e. just one
record for each person is allowed. Records may be linked in order to achieve the cor-
rect information about the basic observation unit (i.e. the individual patient/subject).
However, each of the above databases has its own dimension and structure, and data
are different and differently recorded from one database to another. Suitable tech-
niques are therefore required to make information coming from different databases
uniform. The longitudinal data that we will analyse will be generated by determin-
istic record linkage tools between the STEMI Archive and the Ambulatoriale and
Ricoveri databases of the BDA, and by probabilistic record matching [10] between
the STEMI Archive and Farmaceutica database which is not entirely based on the
patient’s national insurance number (Codice Fiscale).

There is an increasing agreement among epidemiologists on the validity of dis-
ease and intervention registries based on administrative databases [2,3,9,14,25,38].
This motivated the Lombardia region to use its own administrative database for clin-
ical and epidemiological aims. The most critical issue when using administrative
databases for observational studies is represented by the selection criteria of the ob-
servation units: several different criteria may be used, and they will result in different
images of prevalence or incidence of disease. Statistical analysis can be performed
by means of multiple logistic regression models for studying outcomes and by means
of survival analysis when studying failure times (hospital readmissions, continuity of
drug prescriptions, survival times). Multilevel models can also be adopted if struc-
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tural and organisational variables are measured. When outcomes are the main focus
of the observational study, appropriate risk adjustment tools are needed. Hospital
discharge records may be analysed with the indicators developed by the Agency for
Health Care Research and Quality (AHRQ) that include efficient risk adjustment tools
within a multiple logistic regression model. In disease management programmes the
Johns Hopkins Adjusted Clinical Groups (ACG) methodology and the Classification
Reasearch Group (CRG) classification system have been proposed [11,16,35].

4.2 Health information systems in Lombardia

Health information systems in Lombardia experienced a rapid growth as a conse-
quence of the introduction to Italian health management of Diagnosis Related Groups
(DRGs) in 1995. The development of health care measures for the specific aim of
health system financing, gave rise to the availability of information useful for evaluat-
ing the efficiency of the providers and the efficacy of their activities. The development
of health information systems was particularly pronounced in hospitals, and this ex-
tended the possibilities of measuring their activities: from the “classic” indicators
(average length of stay, occupancy rate, turnover interval) measuring bare hospitality,
to more meaningful evaluations linked to patient classification systems and to the ac-
tual opportunity of calculating quality indicators. Several regional and national rules
introduced in recent years a large number of indicators in the Italian national health
system. However, most of these indicators measure only a few aspects of the health
system: costs, degree and characteristics of supply, organisational factors, access to
health care, population health status [21]. Few indicators measure patient outcomes or
evaluate the processes within the hospitals; indicationsabout criteria for the definition
of such measures are scanty and research about the validation of the indicators has not
been properly developed. On the basis of these considerations the National Agency
for Regional Health Services in Lombardia (Agenzia per i Servizi Sanitari Regionali –
ASSR) developed a set of quality measures (outcome and process indicators) in the
context of the Strategic Programme founded by the Ministry of Health.

Indeed, one of the main goals of the Strategic Programme is finding a set of
indicators useful for comparison of health care providers and for the identification
of factors which can produce different outcomes. Interpretation of the results will
need to be supported by information collected to measure confounding factors due to
differences in case-mix or selective health care options. This will be obtained using
the STEMI Archive.

5 The statistical perspective

In this section we describe the statistical tools that we will use in order to model in-
hospital survival and treatment efficacy outcomes. The identification of principal prog-
nostic factors of outcomes is the main goal of the statistical analysis we will conduct.
Some preliminary results obtained in a pilot study [19] support the choice of method-
ological approach we will use in the analysis of data available after the linkage between
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the STEMI Archive and hospital discharge data from the Public Health Database. Re-
sults from these preliminary statistical analyses are very promising; unfortunately we
are not yet permitted to discuss them in public, because the matter is covered by a
non-disclosure agreement with the health governance of the Lombardia region.

We identified suitable statistical techniques to make an effective dimensional re-
duction of the complex longitudinaldata vectors representing patients. Frailty models
appear to be appropriate for capturing and characterising information arising from
hospital discharge data. Data coming from health databases are usually affected by
huge variability, called overdispersion. The main cause of this phenomenon is the
grouped nature of data: each patient is a grouping factor with respect to its own
admissions, while hospitals are a grouping factor with respect to admitted patients,
and so on. In this study, we will model outcomes using the hospital as a grouping
factor. The choice is based on clinical considerations and practical evidence. Indeed,
a negative outcome can be due to bad performance of the structure with respect to
a patient (without considering the initial conditions of the patient), but also to good
performance with respect to a patient who arrived in a very bad condition. After split-
ting the effect on outcome due to the hospital, from the outcome variability due to the
different patient initial conditions, we would be in a position to generate health indica-
tors of performance, and a benchmark that will make hospitals aware of their standing
in the wider regional context. These goals could be achieved by fitting generalised
linear mixed models on data coming from the integrated database.

In the following subsections we summarise three different tools of complex data
statistical modeling: frailty models, generalised linear mixed models and Bayesian
hierarchical models. Frailty models have been widely and successfully used (see for
instance [31,37]) to model the hazard function of the patient hospitalisation process.
The estimated hazard functions, different between patients because of the random
effect of the latent frailty variable, could be used as a functional data to cluster dif-
ferent risk subpopulations, or as a prognostic factor for the outcomes of the acute
event registered in the STEMI Archive. Generalised linear mixed models seem very
promising to model and explain the binary or counting outcomes of interest, not only
adjusting the analysis with respect to the traditional fixed covariates, but also taking
into account the overdispersion due to the grouped nature of data. Some prelimi-
nary results concerning the use of mixed models on MOMI2 data are summarised
in [20]. Bayesian hierarchical models have been used to study variations in health
care utilisation for multilevel clustered data, such as patients clustered by hospital
and geographic origin (see for instance [7, 29]). The data collected in this project
present exactly a multilevel clusterd structure.

5.1 Frailty models

Firstly we study the clinical history of patients, and in particular the sequence of
hospital discharge data coming from the Public Health Database. We focus on a
general class of semiparametric models for recurrent events, such as hospitalisations,
proposed by Peña and Hollander [30,31]. Consider a patient that is being monitored
for the occurrence of a recurrent event over a time period [0, τ ]; τ could be a random
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time (for example the time registered in the STEMI Archive) following an unknown
probability distribution function. Let 0 ≡ S0 < S1 < · · · be the random times of
occurrences. Let X(s) be a possibly time-varying, observable q-dimensional vector
of covariates such as gender, age, concurrent diseases. So we are dealing with the
trajectories of the following counting process:

N(s) =
+∞∑
j=1

I{S j ≤ s, S j ≤ τ },

which represents the number of occurrences of the recurrent event (hospitalisation)
during the period [0, s]; in [31] the authors propose a general model for the hazard
rate function λ(s) of the process N :

λ(s|Z ,X) = Zλ0(s − SN(s−))ρ(N(s
−); α)ψ(βtX(s)). (2)

Z is a random variable which represents the unobservable frailty of the patient, λ0
is an unknown baseline hazard rate function, the function ρ(·; α) incorporates the
effect of the accumulating event occurrences and the link function ψ summarises
the covariates contribution. Many authors [15, 37] interpret frailty as modeling the
effect of an unobserved covariate which leads some patients to have more occurrences
than others. In particular, (2) is a random effect model for time-to-event data where
the random effect has a multiplicative effect on the baseline hazard function. By
assuming specific forms for the law of Z some elegant mathematical results can be
derived; in fact, a common choice for the unknown frailty distribution is a gamma
distribution with unit mean and variance 1/ξ (Z ∼ �(ξ, ξ )). Imposing the restriction
that the gamma shape and scale parameters are equal guarantees model identifiability
(see [31]) and estimation of model parameters (ξ, λ0(·), α, β).

5.2 Generalised linear mixed models

Generalised linear mixed models (GLMM) are a natural extension of Generalised
Linear Models (GLM). GLM extend ordinary regression by allowing non-normal
responses and a link function of the mean. GLMM is a further extension that permits
random effects as well as fixed effects in the linear predictors. An extensive overview
on these topics can be found in [1, 12, 32]. In this regression setting, parameters that
describe factor effects in ordinary linear models are called fixed effects; they apply
to all categories of interest. By contrast, random effects usually apply to a sample.
For a study using a sample of hospitals the model treats observations from a given
hospital as a cluster, and assumes a random effect for each hospital. Let Yi j be the
response of subject i in cluster j , i = i1, ..., i j . In our case the responses are not only
in-hospital survival and reperfusion efficacy, but also number of re-hospitalisations
or re-procedures after the trigger event registered in the STEMI Archive. The number
of observations may vary by cluster. Let Xi j denote a vector of explanatory variables,
such as age, procedure times, symptom onset times, estimated frailty, for fixed effect
model parameters γ . Let U j denote the vector of random effects for hospital j (for
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example exposure of the hospital). This is common to all observations in the cluster.
Let Zi j be a vector of their explanatory variables. Let μi j = E(Yi j |U j ). The linear
predictor for a GLMM has the form

g(μi j ) = γ tX + Ut
jZij ,

where g is the link function. For binary outcomes the link function g is the logit link.
The random effect vector Uj is assumed to have a multivariate Normal distribution
Nq(0, �). The covariance matrix � depends on unknown variance components and
possibly also correlation parameters.

The main goal is the joint estimation of (γ, �). Parameters pertaining to the ran-
dom effects may be also of interest as a useful summary of the degree of heterogeneity
of the population. Indeed the ratio between two components of fixed effects γ is the
ratio of partial derivative of the log odds with respect to the corresponding covariates,
and could be thought of as a measure of the relative covariates’ strength in modeling
the outcome.

5.3 Bayesian hierarchical models

GLMM are appealing when treating grouped data coming from health databases, but
there are some computational problems, connected with the estimation of regression
parameters, when they are used with binary data such as the outcomes of interest in
our analysis.

The hierarchical model formulation where the outcome Yi j is modeled condition-
ally on random effects, which are in turn then modeled in an additional step, makes
the Bayesian paradigm appealing for interpreting and fitting GLMMs. The complete
likelihood is in this case

L (γ, �) =
N∏

j=1

∫ n j∏
i=1

fi j
(
yi j |u j , γ

)
f
(
u j |�

)
du j (3)

where N is the number of hospitals and n j is the number of patients in each hos-
pital. The key problem in maximising (3) is the presence of N integrals over the
q-dimensional random effect u j ; in the case of Bernoulli outcomes no analytic ex-
pression is available for these integrals and numerical approximations are needed.
The most common approach approximates the integrand using the Laplace method.
A different approach represents data as a sum of a mean and an error term, and is
obtained as a Taylor expansion around the fixed effect component (Penalised Quasi
Likelihood – PQL) or around the sum of fixed and random components (Marginal
Quasi Likelihood – MQL). Unfortunately both these methods produce biased esti-
mates of model parameters when applied to binary or unbalanced data; this is exactly
the case we are dealing with in our readings. To overcome this problem, we will
consider a direct numerical approximation of the likelihood.

The Bayesian approach to GLMM fitting is also appealing because the distinction
between fixed and random effects no longer occurs, since every effect has a probability
distribution. Then, Markov Chain Monte Carlo (MCMC) methods can be used for
approximating intractable posterior distributions and their mode [28].



The Public Health Database and STEMI Archive 53

6 Conclusions

Studies such as MOMI2 surveys and previous experiences of data collection carried
out in the Milan intensive care area, have been seminal for two projects with broader
aimes. The first is the Progetto PROMETEO (PROgetto Milano Ecg Teletrasmessi
ExtraOspedaliero), whose goal is to provide all basic rescue units operating in the
urban area of Milan with the ECG teletrasmission equipment. Motivation for the
project comes directly out of the evidence provided by MOMI2 results on the funda-
mental role played by an early ECG in improving survival outcome of STEMI, and
highlights how the effort of monitoring data from a statistical perspective has a deep
social impact. The second project, which represents the main target of the Strategic
Programme, aims at extending the MOMI2 paradigm for collecting and analysing
data to all cardiology divisions of hospitals operating in the Lombardia region. The
creation of an efficient regional network to face the ST-segment Elevation Myocardial
Infarction is made possible by the design of the STEMI Archive and its integration
with the regional Public Health Database; the link between the two databases will
generate the primary platform for the study of the impact and care of STEMI on the
whole territory of the Lombardia region. Previous data gathering and statistical anal-
ysis restricted to the urban area of Milan were compelling for the realisation of this
complex and challenging project. This innovative and pioneering experience should
become a methodological prototype for the optimisation of health care processes in
the Lombardia region.
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Bootstrap algorithms for variance estimation in �PS
sampling

Alessandro Barbiero and Fulvia Mecatti

Abstract. The problem of bootstrapping the estimator’s variance under a probability propor-
tional to size design is examined. Focusing on the Horvitz-Thompson estimator, three πPS-
bootstrap algorithms are introduced with the purpose of both simplifying available procedures
and of improving efficiency. Results from a simulation study using both natural and artificial
data are presented in order to empirically investigate the properties of the provided bootstrap
variance estimators.

Key words: auxiliary variable, efficiency, Horvitz-Thompson estimator, inclusion probability,
non-iid sampling, probability proportional to size sampling, simulations

1 Introduction

In a complex survey sampling, every population unit i ∈ U (i = 1 . . . N) is assigned
a specific probability πi to be included in the sample s. In addition, the random
mechanism providing s usually violates the classical hypothesis of independent and
identically distributed sample data (referred to as iid henceforth), for instance with
clustering, multistage selection or without replacement selection. We assume the total
Y = ∑

i∈U yi of a quantitative study variable y as the parameter to be estimated. We
focus on a design without replacement and with inclusion probability proportional to
an auxiliary variable x , i.e. setting πi ∝ xi/X where X = ∑

i∈U xi is the population
auxiliary total. This is generally referred to as IPPS sampling orπPS sampling. Pairing
a π PS sampling with the unbiased Horvitz-Thompson estimator ŶH T = ∑

i∈s yi/πi

results in a strategy methodologically appealing since the variance of ŶH T ,

V (ŶH T ) =
∑
i∈U

1 − πi

πi
y2

i +
∑ ∑

j 
=i∈U

(
πi j

πiπ j
− 1

)
yi y j , (1)

is reduced to zero as the relationship between x and y approaches proportionality.
From a practical point of view a variance estimator is essential for assessing the

estimate’s accuracy and for providing confidence intervals. For a fixed sample size n,
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the Sen-Yates-Grundy estimator [18,22] has the closed analytic form

vSY G =
∑ ∑

i< j∈s

πiπ j − πi j

πi j

(
yi

πi
− y j

π j

)2

, (2)

and unbiased for strictly positive joint inclusion probabilitiesπi j of pair of population
units i 
= j ∈ U . However, vSY G presents some drawbacks which might limit the
applications. For instance, it is computationally unfeasible for involving a double
summation, and for depending on the joint inclusion probabilities πi j of pair of
sampled units i 
= j ∈ s, which are usually too cumbersome to be exactly computed
for a fixed sample size n > 2 [1,2,5]. In addition, vSY G is not uniformly positive for
any πPS design.

A bootstrap estimator, although numeric, is a natural alternative for addressing
those issues for being positive by construction. It can be computed for any sample
size and does not require the explicit knowledge of joint inclusion probabilities.
Furthermore, since the bootstrap is a general tool, a πPS-bootstrap algorithm for
variance estimation would apply to any estimator for any population parameter, no
matter what its complexity. Thus, it is important to first explore the simple linear case
where known analytical solutions are available for assessment purposes. In this paper
some πPS-bootstrap algorithms are proposed with the main purpose of improving
both the computational and the statistical efficiency of estimating the variance of the
Horvitz-Thompson estimator V (ŶH T ) as given by Equation (1).

Since the original Efron’s bootstrap applies in the classical iid setup [3,7], suitable
modified bootstrap algorithms are needed in order to handle the complexity of the
sampling design.

In Section 2 the original Efron’s bootstrap is recalled and applied to sample data
selected under a πPS design. In Section 3 a previous πPS bootstrap is presented as a
starting point for the three modified algorithms proposed in Section 4 and 5. Empirical
results from an extensive simulation study comparing 8 different variance estimators
are given in Section 6, and some final remarks are given in Section 7.

2 The naı̈ve boostrap

The Efron’s bootstrap was originally developed in a classical iid framework. When
directly applied in a more general context, for instance under a complex sampling
design with no adaptation whatsoever, it is frequently referred to as naı̈ve boostrap.
The naı̈ve boostrap estimator vnaive of V (ŶH T ) is provided by the following four-step
standard algorithm:

• resampling step: from the observed sample s (henceforth named the original sam-
ple) an iid sample s∗ of the same size n is drawn (henceforth named the bootstrap
sample);

• replication step: on the bootstrap sample, the same Horvitz-Thompson estimator is
computed resulting in the replication Ŷ∗ = ∑

i∗∈s∗ yi∗/πi∗ of the original estimator
ŶH T ;
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• bootstrap distribution step: the first two steps are iterated B times (B chosen to

be sufficiently large) providing the bootstrap distribution
{

Ŷ ∗
b , b = 1 . . . B

}
of the

original estimator ŶH T ;
• variance estimation step: the variance of the bootstrap distributiondefines the boot-

strap estimator of V (ŶH T ). In fact, in the present simple linear case, the bootstrap
distribution step is not necessary since the variance of the replication Ŷ ∗ can be
analytically computed. Let νi be the random variable counting the frequency of
every unit i ∈ s included in the bootstrap sample s∗ ; it is straightforward that

E∗(Ŷ ∗) = E∗(
∑

i∗∈s∗
yi∗/πi∗ ) = E(

∑
i∈s

yiνi/πi) = ŶH T (3)

and

V ∗(Ŷ ∗) = V

(∑
i∈s

yi

πi
νi

)
=
∑
i∈s

(
yi

πi

)2

V (νi )+
∑ ∑

i 
= j∈s

yi

πi

y j

π j
Cov(νi , ν j )

=
∑
i∈s

(
yi

πi
− ŶH T

n

)2

= vnaive , (4)

where ∗ denotes expectation under the resampling design. Thus, except for the
scaling coefficient (n−1)/n, vnaive coincides with the customary with-replacement
variance estimator of V (ŶH T ) (see for example [17]).

3 Holmberg’s �PS bootstrap

Several proposals to adapt the original Efron’s bootstrap to non-iid situations have
already appeared in literature, mainly for without replacement selection. The with-
replacement bootstrap [13] and the without-replacement bootstrap [3, 8] apply to
a simple random sample (SRS) with equal inclusion probability πi = n/N . The
rescaling bootstrap [14] and the mirror-match bootstrap [20] address the scaling
problem by using bootstrap samples of size n∗ 
= n. Rao and Wu [14] also introduced
a πPS bootstrap requiring in fact the computation of the joint inclusion probability
πi j as for the unbiased estimator vSY G.

The Gross-Chao-Lo SRS bootstrap is based on the concept of bootstrap popula-
tion. Given the original sample s, the bootstrap populationU ∗ is the pseudo-population
formed by replicating N/n times every sampled unit i ∈ s. Hence, the bootstrap pop-
ulation includes data from the original sample only and has the same size as the
original population N∗ = N according to a basic bootstrap principle [4]. A bootstrap
sample of the same size n is then selected from U ∗ under an SRS design, i.e. by
mimicking the original sampling design, still according to a basic bootstrap principle.
As a consequence the bootstrap population approach proves to be methodologically
appealing. However, computationally, since N/n may not be an integer, a further
step performing the randomisation between the integer part �N/n� and �N/n� + 1
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must be added in order to deal with the general case. Holmberg [12] generalised the
bootstrap population approach for πPS design by using the inverse of the inclusion
probabilityπi = nxi/X to construct U ∗.

Let 1/πi = ci + ri where ci =
⌊
π−1

i

⌋
and 0 ≤ ri < 1. Let εi be the realisation

of n independent Bernoulli trials each with probability ri . Finally define di = ci +εi .
The bootstrap variance estimator vH of V (ŶH T ) is provided by the following original
Holmberg’s algorithm:

• bootstrap population step: construct U ∗ = {1∗ · · · i∗ · · · N∗} replicating di times
each sampled unit i ∈ s. Thus the bootstrap population size is given by N∗ =∑

i∈s di and the bootstrap population auxiliary total by X ∗ = ∑
i∈s di xi ;

• resampling step: a bootstrap sample s∗ is selected from U ∗ by mimicking the
original sample, i.e. with the same size n and under the same πPS design, with
(resampling) inclusion probabilities πi∗ = nxi∗/X∗.

The remaining three step (replication, bootstrap distribution and the variance
estimation step) are then performed as in the standard (naı̈ve) bootstrap algorithm in
Section 2, eventually giving the Holmberg variance estimator vH as the variance of
the bootstrap distribution

vH = 1

B − 1

B∑
b=1

(
Ŷ ∗

b − 1

B

B∑
b=1

Ŷ ∗
)2

. (5)

Notice that if ri = 0 holds ∀i ∈ s, i.e. when π−1
i are integers for all sampled units,

then the Holmberg’s bootstrap population has exactly the same auxiliary total as in
the original population

X∗ =
∑
i∈s

di xi =
∑
i∈s

xi/πi = X . (6)

Furthermore, under the same condition, we have

Y ∗ =
∑
i∈s

di yi = ŶH T , πi∗ = πi (7)

and

E∗(Ŷ ∗) = E∗
(∑

i∗∈s∗
yi∗/πi∗

)
=

∑
i∗∈U∗

πi∗ yi∗/πi∗ = Y ∗ = ŶH T . (8)

However, the request ri = 0 for all sampled units is obviously unrealistic in the ap-
plications, so that the properties of (6)–(8) above hold approximatively in a general
case. Moreover the algorithm may result computationally heavy due to the randomi-
sation in bootstrap population step 1. In fact n Bernoulli random variables have to be
simulated in order to compute the weights di and to provide a bootstrap population
U ∗. Hence, in the general case of ri not necessary null, the original Holmberg’s πPS
bootstrap actually concerns a class U = {

U∗
h , h = 1 . . . 2n

}
of 2n possible bootstrap
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populations. These bootstrap populations differ from each other with respect to the
size N∗, to the auxiliary total X∗ and to the set of inclusion probabilitiesπi∗ as shown
in Example 1.

Example 1. Let U be of size N = 10 and the auxiliary variable x take values xi =
i (i = 1 · · ·10) so that X = 55. Set n = 4 and let s = (5, 6, 8, 10) be the original
sample selected from U under a πPS design with inclusion probability πi = nxi/X
as reported in Table 1.

Table 1.Original sample inclusion probabilities and weights in step1 of the Holmberg algorithm

i ∈ s πi 1/πi ci ri

5 0.364 2.750 2 0.75

6 0.436 2.292 2 0.292
8 0.582 1.719 1 0.719

10 0.727 1.375 1 0.375

The randomisation di = ci +Bern(ri ) embedded in step 1 of the Holmberg algorithm,
generates a set of 16 possible bootstrap populations as displayed in Table 2, along
with their size, their auxiliary total and the probability of being in fact the result U∗
of the bootstrap population in step 1.

Table 2. The class of 16 bootstrap populations generated by the randomisation required by the
original Holmberg algorithm

h U∗
h d5 d6 d8 d10 N∗

h X∗
h P{U∗

h = U∗}
1 {5,5,6,6,8,10} 2 2 1 1 6 40 0.0311
2 {5,5,6,6,8,10,10} 2 2 1 2 7 50 0.0187

3 {5,5,6,6,8,8,10} 2 2 2 1 7 48 0.0795
4 {5,5,6,6,8,8,10,10} 2 2 2 2 8 58 0.0477

5 {5,5,6,6,6,8,10} 2 3 1 1 7 46 0.0128
6 {5,5,6,6,6,8,10,10} 2 3 1 2 8 56 0.0077

7 {5,5,6,6,6,8,8,10} 2 3 2 1 8 54 0.0328
8 {5,5,6,6,6,8,8,10,10} 2 3 2 2 9 64 0.0197

9 {5,5,5,6,6,8,10} 3 2 1 1 7 45 0.0934
10 {5,5,5,6,6,8,10,10} 3 2 1 2 8 55 0.0560

11 {5,5,5,6,6,8,8,10} 3 2 2 1 8 53 0.2386
12 {5,5,5,6,6,8,8,10,10} 3 2 2 2 9 63 0.1432

13 {5,5,5,6,6,6,8,10} 3 3 1 1 8 51 0.0385
14 {5,5,5,6,6,6,8,10,10} 3 3 1 2 9 61 0.0231

15 {5,5,5,6,6,6,8,8,10} 3 3 2 1 9 59 0.0983

16 {5,5,5,6,6,6,8,8,10,10} 3 3 2 2 10 69 0.0590
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As a consequence, the degree of approximation of the properties of the Holmberg’s
algorithm as given by equations (6) to (8) would change to a possibly large extent
among the bootstrap populations included in the classU . Since the randomisation is ul-
timately equivalent to select a single U∗ fromU , thus in the general case when the ran-
domisation has to be actually performed, the Holberg’s πPS algorithm, beside being
resource consuming, may also prove to be unstable, providing variance bootstrap esti-
mator with high variability. In the followingsections we will then propose some modi-
fications of the original Holmberg’s algorithm with the twofold purpose of simplifying
it computationally and of improving the efficiency of the resulting variance estimator.

4 The 0.5 �PS-bootstrap

We first focus on simplifying the Holmberg’s algorithm by eliminating the randomi-
sation performed at step 1 in the general case of ri not necessarily null for all i ∈ s.
We consider the most natural approximation of weights di to the nearest integer and
call it the “0.5 πPS-bootstrap”

di =
{

ci if ri < 0.5
ci + 1 if ri ≥ 0.5.

(9)

Hence, a unique bootstrap population U∗ is readily reached. Moreover, it is the
maximum probability U ∗ in the class U since it maximises the joint probability∏

i∈s rεi
i (1 − ri )

1−εi of the n independent Bernoulli trials required by the original
Holberg’s algorithm in Section 3. For instance, in Example 1 the 0.5-rule would give
U ∗ = U ∗

11 which has the greatest probability of appearing among the set of the pos-
sible 16. The 0.5 πPS algorithm then continues as for Holmberg’s with the remaining
steps: the resampling, performed with the same original sample size n and under the
same πPS design, the replication, the bootstrap distribution and the variance estima-
tion step. The entire process eventually leads to the bootstrap variance estimator v0.5

of V (ŶH T ).

5 The x-balanced �PS-bootstrap

Two more proposals are now introduced to foster efficiency gains in the bootstrap
estimation of V (ŶH T ) by a more complete use of the auxiliary information. The two
proposals are slightly different versions of the same algorithm which we will call
the “x-balanced πPS-bootstrap”. A balancing with respect to the known population
auxiliary total is indeed suggested in constructing U ∗, i.e. under the restriction X∗ ≈
X [21]. Let U ∗

0 be the basic bootstrap population formed by sampled units each

replicated ci =
⌊
π−1

i

⌋
times. Starting from U ∗

0 we first propose to iteratively add

sampled units i ∈ s previously sorted in a decreasing order according to ri = π−1
i −ci .

The process ends when the bootstrap population ensuring the best approximation to
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X is detected in U , i.e. when |X∗ − X | reaches its minimum in U . Hence, step 1 in
the Holmberg’s algorithm is now substituted by the following 3 sub-steps:

• for t = 0 let U ∗
(0) = U ∗

0 and s(0) = s;
• for t ≥ 1 select unit it in s(t−1) so that rit ≥ r j , ∀ j ∈ s(t−1); add unit it to U ∗

(t−1)
thus producing U ∗

(t); subtract unit it from s(t−1) thus producing s(t);
• if |X∗

(t) − X | < |X∗
(t−1) − X | then U ∗ = U ∗

(t) and repeat these last two points, or
else U ∗ = U ∗

(t−1).

Once the x-balanced bootstrap population U ∗ is constructed, the algorithm then
continues as for the original Holmberg’s in Section 3 with the remaining steps (re-
sampling, replication, bootstrap distribution and variance estimation step) eventually
producing the bootstrap variance estimator vxbal1 of V (ŶH T ).

Alternatively, an x-balanced bootstrap population is also reached by using qi =
π−1

i /(
⌊
π−1

i

⌋
+ 1) instead of ri . Weights qi are inspired by the D’Hondt method for

chair distribution in a proportional election system [6]. They guarantee that sampled
units i ∈ s with greater ci for equal ri are given a priority, i.e. units with larger fre-
quency in U ∗

0 enter U ∗
(t) first in the algorithm above. The resulting bootstrap variance

estimator will be denoted by vxbal2.
The x-balanced algorithm, in both versions 1 and 2, leads to a unique U ∗, still

included in U , in a number of steps less than or equal to n while the original Holm-
berg’s algorithm always needs exactly n randomisation runs. In addition, efficiency
improvements are expected from using a bootstrap population closer to the actual
population with respect to the auxiliary total X . Finally, notice that all the πPS boot-
strap algorithms discussed so far certainly produce a zero variance estimate when the
auxiliary variable is exactly proportional to the study variable. Hence, vH , v0.5, vxbal1
and vxbal2 share a good property with the classical unbiased estimator vSY G since
y ∝ x leads to V (ŶH T ) = 0.

A number of further approaches to πPS bootstrap have been tentatively explored
with the same purpose of computational simplification and improving efficiency. All
of them have been eventually abandoned on the basis of poor simulation results since
when performed with sensitive computation resources, they tend to fail due to the
estimator properties perspective and vice versa; although they prove to be interesting
from a theoretical viewpoint, they did not produce encouraging simulation results.

6 Simulation study

In order to check the empirical performance of the πPS bootstrap algorithms pro-
posed, an extensive simulation study was carried out. Eight variance estimators are
concerned:

• the traditional unbiased estimator vSY G defined in (2), serving as a benchmark;
• the naı̈ve bootstrap estimator vnaive given by (4);
• the bootstrap estimator vH defined by (5) offered by the original Holmberg’s

algorithm discussed in Section 3;
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• the bootstrap estimator v0.5 produced by the 0.5 πPS-bootstrap proposed in Sec-
tion 4;

• the two variance estimators vxbal1 and vxbal2 corresponding to the two versions
of the x-balanced πPS-bootstrap proposed in Section 5.

The set of variance estimators compared has been completed by adding two ap-
proximated πPS variance estimators. By using an approximated variance estimator

for V
(

ŶH T

)
the computation of the joint inclusion probability πi j is overcome by

suitably approximating them in terms of the simple inclusion probability πi only.
Hence, any approximated variance estimator is a competitor of a bootstrap solution
although limited to the estimation of V(ŶH T ). Among the many available in literature,
the following two approximated estimators have been chosen since they emerged as
nearly unbiased and the most stable from previous empirical studies [10,11]:

vH R = 1

n − 1

∑ ∑
i> j∈s

(
1 − πi − π j + 1

n

∑
i∈U

π2
i

)(
yi

πi
− y j

π j

)2

, (10)

requiring the simple inclusion probabilityπi known for all population units i ∈ U [9]
and

vBM =
∑
i∈s

(
n

n − 1
− πi

)(
yi

πi
− ŶH T

n

)2

, (11)

which is readly computed from sample data.
Samples were simulated under theπPS Rao-Sampford design [15,16] which guar-

antees the estimator vSY G to be unbiased and uniformly positive. Moreover, recoursive
formulae are available to compute the joint inclusion probability πi j for any sample
size n so that the exact value of vSY G can be computed for simulation comparisons. In
addition, it is already implemented in SAS and R (pps and sampling packages).
On the other hand, it is a rejective design meaning that the sample selection is actually
performed with replacement, but the sample is accepted only if it contains all distinct
units. Otherwise, the sample is totally rejected at the occurrence of a duplicated unit
and the selection must restart from the beginning. Hence, the rejection probability
increases with the sampling fraction n/N and with the presence of a large πi making
the Rao-Sampford πPS design inconvenient for simulation purposes when sampling
fractions are greater than 10%.

Three standard Monte Carlo (MC) performance indicators have been computed:

• the MC Relative Bias,

RB = EMC (v)− V (ŶH T )

V (ŶH T )
; (12)

• the MC Relative Efficiency of a variance estimator v with respect to vSY G ,

E f f = M S EMC(vSY G)

M S EMC (v)
; (13)
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• the MC coverage of 95% confidence intervals, computed according to the percentile
bootstrap method with regard to the boostrap variance estimator and according to
a standard Student’s t for the remaining variance estimators considered.

Three levels of sampling fraction f = n/N (5%, 10% and 15%) have been
explored under the restrictionπi < 1 for all population units for the sake of simplicity.
The number of simulation runs (between 1000 and 10,000) has been used to control
the Monte Carlo error on the basis of the unbiased estimators according to the rule:∣∣∣EMC

(
ŶH T

)
− Y

∣∣∣
Y

< 1% and

∣∣∣EMC (vSY G)− V (ŶH T )
∣∣∣

V (ŶH T )
< 3%. (14)

An array of different scenarios has been explored by simulating from 5 populations.
Two natural populations, named MU100 and MU100CS, have been randomly selected
from the conventional Swedish dataset MU281 [17] by using different sets of study
and auxiliary variables y and x . Three artificial populations, called Gamma-Normal
and denoted by GN1, GN2 and GN3, have also been considered which allow for a total
control of the experimental conditions. The auxiliary variable x was generated with
Gamma distribution and increasing levels of variability as measured by the coefficient
of variation cvx . The study variable y was produced conditionally to x under the
etheroschedastic model yi |xi = axi + N(0, xi ). The correlation between x and y has
been kept close to 0.9 since high correlation suggests the use of a πPS design, i.e. a
complex sampling, as opposed to a simpler design like SRS. The simulation setup is
summarised in Table 3 and displayed in Figure 1 and 2.

Table 3. Characteristics of natural and artificial populations simulated

Population N cvy cvx ρxy

MU100 100 1.107 1.015 0.9931

MU100CS 100 0.325 0.527 0.2829

GN1 100 0.529 0.598 0.897

GN2 100 0.981 1.122 0.916
GN3 100 1.419 1.692 0.928

Simulation results are reported in Tables 4 to 7. The evident poor performance
of the naı̈ve bootstrap confirms the need for suitable modified algorithms applied to
non-iid situations. Simulation results also show the good performance of the modified
algorithms proposed in Section 4 and 5 in terms of bias and stability as compared
with all the other estimators considered, both bootstrap (numeric) and approximated
(analytic). In some cases they allow for efficiency gains, greater or equal to 7%, with
respect to the traditional unbiased estimator. The bootstrap estimator v0.5 can perform
noticeably better than the Holmberg estimator vH (as for instance in populations GN3
and GN2 for the sampling fraction f = 0.15). It outperforms both vxbal1 and vxbal2
in 7 out of the 12 cases explored. The two x-balanced bootstrap estimators perform
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Fig. 1. Scatter plot for artificial populations
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Fig. 2. Scatter plot for natural populations

quite similarly with a slight superiority of vxbal1 over vxbal2. Neither the sampling
fraction nor the variability of y and x appear to affect the pattern of the relative
efficiency between the bootstrap variance estimators and the traditional unbiased
estimator vSY G. On the other hand, the proposedπPS-bootstrap algorithms show good
empirical results even in a context inappropriate for πPS sampling, as for instance
in population MU100CS with a low level of ρxy and cvx . With regard to confidence
intervals, the πPS-bootstraps proposed present a coverage of between 77% and 93%
versus a 95% confidence level. As a matter of fact, in this simulation the bootstrap
percentile method tends to produce confidence intervals systematically shorter than
the standard student’s t method. Both the x-balanced boostrap estimators reach a
coverage always better than vH . The coverage offered by the 0.5πPS-bootstrap clearly
improves for increasing sampling fractions. As a conclusion, the 0.5 πPS-bootstrap
is recommended since it simplifies the original Holmberg algorithm while retaining
good statistical properties.
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Table 4. Simulation results for natural populations

estimator
MU100 f = 0.05 MU100 f = 0.10 MU100CS f = 0.05 MU100CS f = 0.10

RB Eff coverage RB Eff coverage RB Eff coverage RB Eff coverage

SYG −1.62 1.0000 94.1 0.85 1.0000 94.5 −2.46 1.0000 88.2 −1.18 1.0000 87.3

H 0.23 0.9671 79.3 1.76 1.0182 76.9 −2.42 1.0191 78.3 −1.24 1.0178 83.6
0.5 0.41 1.0031 79.9 5.58 1.0093 81.2 −2.20 1.0154 78.0 −1.82 1.0300 82.4

xbal1 0.53 0.9939 82.4 1.12 1.0740 89.2 −1.43 0.9842 78.1 −0.94 1.0191 83.4
xbal2 0.13 0.9872 82.3 3.00 1.0108 87.3 −2.12 0.9960 78.5 0.37 0.9995 83.5

naive 8.22 0.8747 85.1 23.46 0.6538 92.3 1.15 0.9859 79.0 7.00 0.9217 85.1
BM 0.40 0.9957 94.2 3.45 1.0287 94.7 −2.14 1.0102 88.8 −0.83 1.0143 87.7

HR −1.48 0.9991 94.1 1.53 0.9937 94.5 −2.44 0.9998 88.3 −1.06 0.9983 87.4

Table 5. Simulation results for artificial population GN1

estimator
GN1 f = 0.05 GN1 f = 0.10 GN1 f = 0.15

RB Eff coverage RB Eff coverage RB Eff coverage

SYG 2.01 1.0000 96.0 2.27 1.0000 94.6 0.46 1.0000 94.4
H 3.21 0.9760 84.1 3.39 0.9828 89.6 1.50 0.9718 90.0

0.5 2.84 0.9960 83.6 5.00 0.9249 89.3 5.44 0.8680 90.4
xbal1 3.16 0.9784 84.7 3.59 0.9698 90.2 2.97 0.9587 91.4

xbal2 3.35 0.9785 85.0 3.66 0.9663 89.8 2.17 0.9557 91.3
naive 8.63 0.8813 85.2 16.36 0.7302 91.4 22.64 0.5556 94.0

BM 3.24 0.9834 96.2 3.66 0.9851 94.8 1.83 0.9993 94.7
HR 1.99 1.0009 96.0 2.23 1.0020 94.6 0.38 1.0030 94.4

Table 6. Simulation results for artificial population GN2

estimator
GN2 f = 0.05 GN2 f = 0.10 GN2 f = 0.15

RB Eff coverage RB Eff coverage RB Eff coverage

SYG 2.84 1.0000 95.8 0.98 1.0000 95.9 0.64 1.0000 95.4

H 4.57 0.9963 82.1 2.19 1.0055 89.7 1.87 0.9915 86.8
0.5 4.58 0.9925 82.3 5.61 0.9394 89.2 −2.44 1.1301 90.6

xbal1 4.45 0.9996 82.3 3.02 0.9914 90.9 −0.43 1.0804 91.6
xbal2 4.28 1.0011 82.3 2.49 0.9756 91.3 3.40 0.9424 91.1

naive 13.76 0.8556 83.1 24.00 0.6554 94.1 40.33 0.4302 95.6
BM 4.89 0.9997 95.8 3.07 1.0064 94.8 3.18 1.0374 95.5

HR 2.81 1.0033 95.8 0.91 1.0061 94.6 0.49 1.0125 95.4
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Table 7. Simulation results for artificial population GN3

estimator
GN3 f = 0.05 GN3 f = 0.10

RB Eff coverage RB Eff coverage

SYG 2.04 1.0000 95.7 −2.29 1.0000 93.8

H 4.45 1.0080 84.0 0.20 0.9012 84.4
0.5 0.78 1.0769 85.8 −1.27 1.0421 86.6

xbal1 2.50 1.0350 84.9 −0.55 1.0140 88.0
xbal2 4.34 0.9802 84.0 1.50 0.9298 88.6

naive 19.13 0.8212 86.8 40.57 0.4331 95.0
BM 5.26 1.0279 95.8 2.46 1.0090 95.6

HR 1.92 1.0184 95.7 −2.43 1.0330 94.4

7 Conclusions

In complex survey sampling the bootstrap method may be a simple numeric solution
for variance estimation, which is an essential moment in the estimator’s accuracy
assessment, and for providing confidence intervals. On the other hand appropriate
modifications of the original Efron’s bootstrap ought to be considered in order to
address the complexity of the sampling design. In this paper, focusing on a without
replacement πPS design and on the Horvitz-Thompson estimator for the population
total, some πPS-bootstrap algorithms have been discussed. Starting from the Holm-
berg’s algorithm which is based on the appealing concept of bootstrap population and
has exhibited encouraging results in previous empirical work, three modified algo-
rithms have been proposed with the twofold purpose of computational simplification
and improving efficiency. The performance of the πPS bootstraps proposed have
been checked via a simulation study concerning both real and artificial data. Empiri-
cal results show that a bootstrap variance estimator is an adequate solution provided
that the non-iid features are effectively addressed. The three modified algorithms
proposed show good empirical performance in the linear case for being nearly as ef-
ficient as the customary unbiased Sen-Yeates-Grundy estimator of the variance of the
Horvitz-Thompson estimator. Among the algorithms proposed, the 0.5 πPS-bootstrap
is recommended since it definitely simplifies the Holmberg algorithm whilst ensuring
good statistical properties. Since a πPS-bootstrap variance estimator is a general tool
for applying to any estimator of any population parameter, no matter what its analytic
complexity, the results presented in this paper encourage future research concerning
non-linear cases and different complex designs.
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Fast Bayesian functional data analysis of basal body
temperature

James M. Ciera

Abstract. In many clinical settings, it is of interest to monitor a bio-marker over time for a
patient in order to identify or predict clinically important features. For example, in reproduc-
tive studies that involve basal body temperature, a low, high point or sudden changes on the
trajectory have important clinical significance in determining the day of ovulation or in causing
dysfunctional cycles. It is common to have patient databases with a huge quantity of data and
patient information is characterised with cycles that have sparse observations. If the main inter-
est is to make predictions, it is crucial to borrow information across cycles and among patients.
In this paper, we propose the use of fast and efficient algorithms that rely on spareness-favouring
hierarchical priors for P-spline basis coefficients to aid estimation of functional trajectories.
Using the basal body temperature data, we present an application of the Relevant Vector Ma-
chine method that generates sparse functional linear and linear mixed models that can be used
to rapidly estimate individual-specific and population average functions.

Key words: functional linear models, MAP estimates, ovulation, Relevance Vector Machine,
sparsity

1 Introduction

In many clinical studies, measurements are collected repeatedly from many subjects
over a period of time. Using massive datasets, physicians require fast automated tools
to estimate data trajectories and predict clinically important events for a patient. For
example, in reproductive studies that involve basal body temperature, a low, high
point or sudden changes on the trajectory have important clinical significance in
determineng the day of ovulation or identifying dysfunctional menstrual cycles [1].
Borrowinginformation from different subjects is crucial when observations are sparse
and the interest is in prediction. Therefore, there is a need for fast algorithms for
estimating functional trajectories while borrowing information from other patients
concerning the shape and location of features in the function.

Functional data analysis (FDA) methods are commonly used to estimate curves but
rely on a large number of basis functions [17]. Early work in functional data analysis
used different smoothing methods to estimate individual and population mean trajec-
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tories. For example, [26] used semiparametric stochastic models while accounting for
the within-subject correlation using a stationary or non-stationary Gaussian process.
Brumback and Rice used non-parametric methods to estimate both population average
and subject-specific profiles such that the smoothing splines were represented using a
mixed model [2]. Rice and Wu used a low-rank spline basis approach to model individ-
ual curves as spline functions with random coefficients [18]. Guo linked the smoothing
splines and mixed models to estimate subject-specific curves [11]. Recently, Durban,
Thompson and Crainiceanu introduced non-Bayesian and Bayesian approaches that
rely on a trade-off between spline regression and smoothing splines [7, 8, 22]. How-
ever, most of these approaches are computationally intensive and it is common to
encounter computational problems when the dimension of the basis functions and the
number of subjects becomes large.

Various model reduction methods have been introduced for functional linear mod-
els. For example, in Bayesian statistics, selection of the basis functions commonly
relies on computationally intensive reversible jump algorithms [10] or stochastic
search variable selection methods [21]. In a functional linear mixed model, selection
of the random effects has complications since the null hypothesis lies on the bound-
ary of the parameter space and the classical likelihood ratio test statistic is no longer
valid. To solve this problem [16] and [14] introduced alternative approaches to reduce
the dimension of the random effects model. Recent methods use functional principal
component analysis [7, 12, 25]. The approaches have good performance in modest
dimensional models with moderate numbers of subjects, but rapidly becomes com-
putationally unfeasible as the number of subjects and candidate predictors increases.

In Bayesian statisics, these problems raise a practical motivation for fast approxi-
mate Bayes methods that can bypass MCMC while maintaining some of the benefits
of a Bayesian analysis. The Relevant Vector Machine (RVM) [23] is one of these
fast Bayesian methods that promotes sparseness in estimation of basis coefficients,
providing a more flexible alternative to Support Vector Machines (SVM) [3]. RVM is
based on empirical Bayes methodology and penalises the basis coefficients through
a scale mixture of normals prior, which is carefully-chosen so that maximum a pos-
teriori (MAP) estimates of many of the coefficients are zero. This provides a natural
mechanism in selection of the basis functions leading to a sparse model that is fast to
compute. The RVM approach can be used to generate a sparse linear model [4, 13]
as well as a linear mixed model [5]. Using the basal body temperature data [6], we
present an application of RVM methods to generates sparse functional linear and linear
mixed models that can be used to rapidly estimate individual-specific and population
average functions.

The subsequent sections are as follows; Section 2 discusses the RVM procedure,
while Section 3 contains results based on the bbt data from the European fecundability
study.
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2 Methods

Let yi = (yi1, . . . , yiTi )
′

and zi = (zi1, . . . , ziTi )
′

be vectors for the response and
covariates for the ith woman. A functional model is represented as

yit = fi (zit )+ εit , εit ∼ N(0, σ 2
ε ), t = 1, . . . , Ti , i = 1, . . . , N , (1)

where fi (.) is a smooth function at zit for subject i, and εit is a measurement error.
The functional model in (1) can be represented as a linear or linear mixed model
depending on whether the interest is on either subject-specific curves or both the
population and subject-specific curves.

2.1 RVM in linear models

When the interest is to model the subject-specific curves, the functional model in (1)
can be represented as a linear model such that the smoothing function is described as
a linear combination of M basis functions

fi (zit ) =
M∑

j=1

βi jϕ j (zit ) = xit
′ˇi , (2)

where xit = (xit1, · · · , xit M )
′

are the values of the basis functions at zit , parameter
βi j is the coefficient for the j th basis function ϕ j (.) and ˇi = (βi1, · · · , βi M )

′
. The

basis functionsϕ j can be generated using numerous methods that have been discussed
in the literature (e.g. [9,19]).

The priors are βi j ∼ N(0, α−1
j ), σ−2

ε ∼ Gamma(a, b) and α j ∼ Gamma(c, d).

The parameters ˛= (α1, · · · , αM)
′
and σ−2

ε are computed from the data as maximum
a posteriori (MAP) estimates. Since these MAP estimates are estimated and shared
among all the subjects, this leads to borrowing of strength across subjects in estimating
subject-specific functions [4,13]. To promote sparseness over the model coefficients
ˇi , the hyperparameters c and d are set close to zero leading to a distribution with a
large spike concentrated at zero and a heavy right tail. The basis functions for which
α j is in the right tail have coefficients that are strongly shrunk toward zero.

Inference in Bayesian data analysis is based on the posterior distribution of the
parameters. In the RVM approach, the posterior density is based on the conditional
distribution

p(ˇ,˛, σ−2
ε |Y) = p(˛, σ−2

ε |Y)
N∏

i=1

p(ˇi |yi ,˛, σ
−2
ε ),

where ˇ = (ˇ1, · · ·ˇN ). The posterior density p(ˇi |yi ,˛, σ
−2
ε ) is a multivariate

normal
p(ˇi |Y,˛, σ−2

ε ) = N(ˇi ; �̂i ,
ˆ̇

i ), (3)

where �̂i = σ−2
ε

ˆ̇
iX

′
i yi and ˆ̇

i = (A + σ−2
ε X

′
i Xi)

−1 such that A =
diag{α1, · · · , αM} and Xi = (xi1, · · · , xi M )

′
.
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The density for p(˛, σ−2
ε |Y) is difficult to express analytically. To compute the

estimates for ˛andσ−2
ε , we assume that the modes for p(˛, σ−2

ε |Y)and p(Y |˛, σ−2
ε )

are equivalent and hence the MAP estimates for p(˛, σ−2
ε |Y) are equivalent to the

MLE estimates from p(Y |˛, σ−2
ε ) [13]. The estimates for ˛ and σ−2

ε are computed
from the marginal likelihood p(Y |˛, σ−2

ε ), obtained after integrating out ˇi from
p(Y|ˇi , σ

−2
ε ) such that

p(Y |˛, σ−2
ε ) =

∫ N∏
i=1

p(Y |ˇi , σ
−2
ε )p(ˇi |˛)dˇi .

This results to a multivariate normal density N(yi ; 0,Ci) where Ci = σ 2
ε ITi +∑M

j=1 α
−1
j xi j x

′
i j . The estimate for σ−2

ε is

σ̂−2
ε =

∑N
i=1 ||yi − Xi �i ||2∑N

i=1(Ti − M −∑M
j=1 α j�i, j j )

. (4)

In many functional data analysis cases, the dimension of the design matrix Xi is large.
Computation of �̂i requires inverting an M × M matrix while estimating ˙i in equa-
tion (3). The computation process becomes slow and inefficient prompting the need
for a fast and efficient method. A fast approach follows a sequential process to estimate
the elements of ˛. This is based on the dependence of the log-likelihood function
�(˛, σ−2

ε ) = log p(Y |˛, σ−2
ε ) upon the kth element of ˛ leading to the decomposing

of �(˛, σ−2
ε ) into two parts, one with and one without the kth element of ˛.

The solutions from the resulting score equations are unfeasible to express ana-
lytically except for a simple case where αk = ∞ [4, 13]. To avoid complexities, we
assume that αk � sik where sik = x

′
ik C−1

i,−k xik , leading to an approximate estimate

α̂k ∼=
⎧⎨⎩ N∑N

i=1(q
2
ik−sik )/s2

ik
if

∑N
i=1

(q2
ik−sik )

s2
ik

> 0,

∞ otherwise.
(5)

where qik = x
′
ikC−1

i,−k yi and Ci,−k is the component of Ci without the kth basis
function. Selection of the basis function involves; addition, deletion and updating

μ̂ik . Addition occurs when
∑N

i=1
(q2

ik−sik )

s2
ik

> 0 and X ik is not in the model, while

an update occurs when Xik is already in the model and
∑N

i=1
(q2

ik−sik )

s2
ik

> 0. We

delete X ik from the model when
∑N

i=1
(q2

ik−sik )

s2
ik

< 0. The estimating process involves

computation of σ̂−2
ε and α̂k in equations (4-5) that are used to update the mean vector

and covariance matrix in equation (3). For a concrete justification of this type of
approximation refer to [4,13].

2.2 Extension to linear mixed model

The discussion in the previous section only allows estimation of subject-specific
curves but not the population average. To generate the population average curve we
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extend model (2) into a linear mixed model that can capture both the subject-specific
and population average components. The functional model in equation (1) can be
generalised into a functional mixed model. The smoothing function is expressed as
fi (zit ) = ∑M

j=1 β jϕ j (zit ) + ∑M∗
j=1 bi jφ j (zit ) = xit

′ˇ + w
′
it bi , such that ˇ =

(β1, · · · , βM)
′

and bi = (bi1, · · · , bi M∗)
′

are fixed and random effects respectively.
Functions ' = {ϕ j }M

j=1 and � = {φ j }M∗
j=1 are basis functions generated using meth-

ods discussed in the literature [17]. This results to the classical linear mixed model,

yi = Xi ˇ+W ibi +�εi , bi ∼ N(0,˝), �i ∼ N(0, σ 2
ε ITi ), i = 1, . . . , N , (6)

where yi = (yi1, · · · , yi M )
′
, Xi = (xi1, . . . , xiTi )

′
, W i = (wi1, . . . ,wiTi )

′
and �i is

a Ti × 1 vector of error terms.
Implementation of the RVM procedure requires all random components bi =

(bi1, · · · , bi M∗)
′

and �i to be independent leading to a covariance matrix ˝ =
diag{ω1, · · · , ωM∗}. The priors for the parameters are β j |α j ∼ N(0, α−1

j ), α j |c1,

d1 ∼ Gamma(c1, d1), ω j |c2, d2 ∼ Gamma(c2, d2) and σ−2
ε |a, b ∼ Gamma(a, b).

Then the joint posterior distribution is approximated as a full conditional density

p(�|Y) = p(b|Y,ˇ,!, σ−2
ε )p(ˇ|Y,˛,!, σ−2

ε )p(˛,!, σ−2
ε |Y), (7)

where � = {̌ , b,˛,!, σ−2
ε } and b = (b1, · · · , bN )

′
. The first two components

can be expressed as multivariate normal densities but p(˛,!, σ−2
ε |Y) cannot be

expressed analytically. The posterior distribution for ˇ is,

p(ˇ|Y,ˇ,!, σ−2
ε ) = N(ˇ; �̂, ˆ̇ ), (8)

where �̂ = ˆ̇ (∑N
i=1 X

′
iV

−1
i yi ) and ˆ̇ = (A + ∑N

i=1 X
′
i V

−1
i Xi )

−1. Matrix V i =
σ 2
ε ITi + W i˝

−1W
′
i , where A = diag{α1, · · · , αM}. The posterior for the random

effects b is,

p(b|Y,ˇ,!, σ−2
ε ) =

N∏
i=1

N(bi ; 	̂i , ˆ̋
i ), (9)

where 	̂i = σ−2
ε

ˆ̋
i W

′
i (yi − Xi˝) and ˆ̋

i = (˝ + σ−2
ε W

′
iW i)

−1.
To allow fast estimation of the posterior estimates we face two problems. Firstly,

when the dimensions of both Xi and W i are large, we encounter computation problems

when estimating �̂ and 	̂i while inverting the covariance matrices ˆ̇ and ˆ̋
i in equa-

tions (8) and (9) respectively. Secondly, the posterior p( ,̨!, σ−2
ε |Y) for the variance

components lacks a simple form. Potentially this can be solved by using an empirical
Bayes procedure that leads to a MAP estimation approach. This results in a fast al-
gorithm that bypasses the inversion step leading to a reduced model with dimension

m × m and m∗ × m∗ for both ˆ̇ and ˆ̋
i respectively where m � M and m∗ � M∗.

The variance components ˛, ! and σ−2
ε can be estimated using conditional max-

imisation and an empirical Bayes approach parallel to [5, 13]. We use an empirical
Bayes approach to obtain plug-in estimates for ˛ and ! that favour sparseness,



76 J.M. Ciera

and many elements of ˛ and ! are set very close to zero. Let p(˛,!, σ−2
ε |Y) ∝

p(˛)p(!)p(σ−2
ε )p(Y |˛,!, σ−2

ε ) where the density functions p(˛), p(!) and
p(σ−2

ε ) are Gamma density functions. We assume that the mode for p(˛,!, σ−2
ε |Y)

is equivalent to the MLE estimates for parameters ˛, ! and σ−2
ε in the like-

lihood function p(Y |˛,!, σ−2
ε ) = N(Y ; 0,C), where C = V + XAX

′
, X =

(X1, . . . ,XN )
′
is the design matrix and V = diag(V1, . . . ,VN ). Maximising the log-

likelihood function l(˛,!, σ−2
ε |Y) = log p(Y |˛,!, σ−2

ε ) is difficult. Hence, we
maximise two conditional log-likelihood functions �(˛; !, σ−2

ε ) = −1
2 {N log(2π)+

log |C| + Y
′
C−1Y} and �(!, σ−2

ε ; ˛) = −1/2
∑N

i=1 Ti log(2π)+ log |V−1
i | + (yi −

Xi�̂)
′
V−1

i (yi − Xi�̂).
We maximise the conditional log-likelihood�(˛; !, σ−2

ε ) to obtain the estimates
for ˛ while the conditional log-likelihood �(!, σ−2

ε ; ˛) is maximised to obtain the
estimates for ! and σ−2

ε . In particular, to estimate the kth element of ˛ the conditional
log-likelihood function �(˛; !, σ−2

ε ) is decomposed into two parts with and without
the kth element (˛−k). The partitioned log-likelihood function becomes

�(˛; !, σ−2
ε ) = �(˛−k ; !, σ−2

ε )+ 1

2

(
logαk − log |αk + sk | + q2

k

αk + sk

)
,

where sk = X
′
.kC−1

−kX .k, qk = X
′
kC−1

−kY . Matrix C−k does not have the contribution

of the kth component of ˛ such that C−k = V +∑M
j 
=k α

−1
j X. jX

′
. j where X. j is the

j th column of matrix X. The estimate for αk is

α̂k =
⎧⎨⎩

s2
k

q2
k −sk

if q2
k > sk ,

∞ otherwise.
(10)

Depending on the values of qk and sk , three operations can take place on X.k , including
addition, deletion or update of the coefficient. At the beginning of the computation
process all values of α̂k = ∞ which corresponds to an empty model. Subsequent
iterations involve computation of the values of qk and sk and selection of a candidate
X.k that has the largest contribution to the log-likelihood�(˛; !, σ−2

ε ). When q2
k > sk

we add X.k into the model, α̂k is updated if X.k is already in the model and deletion
occurs when X.k is already in the model and q2

k < sk .
Similarly, to estimate the kth element of ! we partition �(!, σ−2

ε ; ˛) into
two parts, one with and one without the kth element (!−k ). The decomposed log-
likelihood becomes

�(!; ˛, σ 2
ε ) = �(!−k ; ˛, σ 2

ε )− 1
2

N∑
i=1

(
logωk − log |ωk + s∗

ik | + q∗2
ik

ωk + s∗
ik

)

where components s∗
ik = w

′
ikV−1

i,−k wik and q∗
ik = w

′
ikV−1

i,−k (yi − Xi�̂) such that

Vi,−k = σ2
ε I +∑M∗

j 
=k α
−1
j wi j w

′
i j . The solutions for the resulting score functions are
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unfeasible to express analytically except when ωk = ∞ [13]. To avoid computation
complexities we assume that ωk � s∗

ik leading to the approximate estimate

ω̂k ∼=
⎧⎨⎩ N∑N

i=1 (q
∗2
ik −s∗

ik )/s∗2
ik

if
∑N

i=1
(q∗2

ik −s∗
ik )

s∗2
ik

> 0,

∞ otherwise.
(11)

The computation of the random effects is done sequentially. This involves three opera-

tions: add, update and delete. Addition occurs when
∑N

i=1
(q∗2

ik −s∗
ik )

s∗2
ik

> 0 and wik is not

in the model, while an update occurs when wik is in the model and
∑N

i=1
(q∗2

ik −s∗
ik )

s∗2
ik

> 0.

Deletion occurs when
∑N

i=1
(q∗2

ik −s∗
ik )

s∗2
ik

< 0 and wik is currently in the model. Updates

for s∗ and q∗ are based on the values from the previous iteration. The final model has
most ω j = ∞ corresponding to bi j = 0 for all i. For more details refer to [5, 13].
The MLE estimate for σ 2

ε is

σ̂ 2
ε =

∑N
i=1 ||yi − Xi �̂ − W i	̂i ||2∑N

i=1(Ti − M +∑M
j=1ω j �̂i j j )

i = 1, . . . N and j = 1, . . . M. (12)

The sequential computation of both ˛ and ! allows computation problems encoun-

tered to be overcome while inverting matrices ˆ̇ and ˆ̋
i . However, the process

requires a lot of iterations to reach convergence. Hence, to accelerate convergence we
choose and update ˛ and ! that lead to the largest increase in the log-likelihood func-
tions �(˛; !, σ−2

ε ) and �(!; ˛, σ 2
ε ) respectively. The algorithm is computationally

demanding when working with large datasets but is faster and more efficient relative

to an approach that requires inversion of M × M and M∗ × M∗ matrices of ˆ̇ and
ˆ̋

i respectively. The final model has m fixed effects and m∗ random effects such that
m � M and m∗ � M∗.

3 Results: application to bbt data

The research is motivated by the basal body temperature data from the European
fecundability study [6]. There were 880 women in the study aged between 18 and
40 years, who were not taking hormonal medications or drugs affecting fertility, and
had no known impairment of fecundity. The subjects kept daily records of cervical
mucus or basal body temperature measurements from at least one menstrual cycle, and
they recorded the days during which intercourse and menstrual bleeding occurred. For
more details about the study, refer to [6]. In this paper we considered bbt measurements
from cycles that had an identified ovulation day based on the three over six rule [15].
In total, we consider data for 520 menstrual cycles where each subject contributes
data for one menstrual cycle.

Typically a standard bbt curve has a biphasic shape that is characterised with three
phases representing the pre-ovulation, ovulation and post-ovulation periods. Identi-
fication of the ovulation day was based on the three over six rule [15] or a dip that is
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followed by a sharp rise in bbt [6]. Practically it is common to observe many men-
strual cycles with wide fluctuations in bbt measurements resulting from false nadirs
and peaks. Hence, it is difficult to replicate a standard bbt pattern from data collected
from many cycles. Hormonal fluctuation is one among many causes that can interfere
with the pattern of a bbt curve. Other causes include reduce sleep, sleep disturbances,
ambient bedroom temperature, food ingestion and fluctuating emotional state [6].

Other functional data analysis methods have been proposed to model the bbt
data. For example, [20] proposed a Bayesian semiparametric model based on non-
parametric contamination of a linear mixed effects model. The implementation of this
approach relies on a highly computational intensive MCMC algorithm and our goal
is to obtain a fast approximate Bayes approach that can be implemented much more
rapidly, while obtaining smooth bbt trajectories. Hence, to compare the performance
of the RVM approach with an MCMC based approach, we used the subject-specific ap-
proach [24] instead of the method used in [20] since it cannot generate smooth curves.

3.1 Subject-specific profiles

To implement the RVM procedure for a linear model, we used the cubic B-splines [17]
to generate the basis functions '. Following the Wand and Ormerod [24] approach,
the basis functions were generated using the standardised values of time covariate (zi).
The number of the generated basis functions was 27 cubic B-splines with 23 interior
knots. In addition, we added two columns containing 1′s and zi (i.e. {1, zit }Ti

t=1).
Hence, the dimension for the design matrix Xi is Ti × M where M = 29.

Table 1 presents parameter estimates for both RVM and MCMC based procedures
for two cycles. The MCMC based curves are estimated using 29 non-zero basis coeffi-
cients while the RVM method uses only three non-zero basis coefficients. Concerning
time factor, the MCMC based method takes 19.30 and 16.34 seconds while the RVM

Table 1. Parameter estimates for two bbt cycles

Parameter estimates
Basis no. RV M1 RV M2 MCMC1 MCMC2
1 0.0000 0.0000 −0.0361 0.0251
2 0.6837 0.6604 0.6473 0.6313
3 0.0000 0.0000 −0.0821 0.0315
4 0.0000 0.0000 −0.1751 −0.3117
. . . . .
. . . . .
. . . . .
25 0.0000 0.0000 4.1038 0.4511
26 0.0000 0.0000 −0.6272 1.4286
27 9.2149 6.1882 7.8599 3.7075
28 2.2945 0.0000 2.1504 1.9697
29 0.0000 1.3562 −0.2917 1.2575
Time spent 0.59 sec 0.57 sec 19.30 sec 16.34 sec
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Fig. 1. Plots of bbt curves

method takes 0.59 and 0.57 seconds to estimate the two bbt curves respectively. Fig-
ure 1 presents estimated curves for the two bbt cycles using the two procedures. The
continuous and dotted lines represent the estimated curves generated by the MCMC
based and RVM methods respectively. The two sets of thin dotted lines and the grey
region in the plots represent the credible band for the RVM and the MCMC based
methods respectively. Hence, the RVM method takes less time relative to the MCMC
based method given that the quality of the fitted curves is almost the same.

3.2 Subject-specific and population average profiles

Similarly, to implement the RVM procedure for a linear mixed model, the cubic B-
splines [17] were used to generate the basis functions ' and �. Following the Wand
and Ormerod approach [24], the two sets of the basis functions were generated based
on the standardised values of time covariates (zi). Both design matrices Xi and W i ,
have a total of M = M∗ = 29 columns. The first two columns in both matrices contain
1′s and zi (i.e. {1, zit }Ti

t=1) while the remaining columns are generated from 27 cubic
B-splines with 23 interior knots. Hence, both Xi and W i matrices have dimensions
Ti × 29 such that M = M∗ = 29.

The RVM procedure for the linear mixed model and the MCMC based procedures
were implemented on data for the 520 bbt cycles. The final RVM model has m =
3 fixed effects (basis functions: 1, 2 and 28) and m∗ = 10 random effects (basis
functions: 1, 2, 28, 29, 9, 14, 27, 12, 11 and 16). Figure 2 shows some estimated bbt
curves from six randomly selected subjects based on the RVM method. The continuous
line represents the estimated bbt curve while the gray region represents the 95%
confidence band. Figure 3 shows a plot for the population and subject-specific curves
based on the estimates from the RVM procedure. The thick black curve represents
the population average bbt curve while the thin gray curves represent the estimated
subject-specific bbt curves. The interval that is characterised with a gentle rise in bbt
curve is believed to be the most probable period in the menstrual cycle when the
majority of women experience ovulation.



80 J.M. Ciera

***
*
*

*

*

*

*
**

*

*
*

*

*

**

*

*
**

**
*

*
*
*

*

*
*

*

5 10 15 20 25 30 35

36
.0

36
.2

36
.4

36
.6

36
.8

cycle days

bb
t v

al
ue

s 
(C

)

***
*
*

*

*

*

*
**

*

*
*

*

*

**

*

*
**

**
*

*
*
*

*

*
*

*

*

*
**

**
*

**
*
***

*
*

*

*

*

*
*

*

*

*

*
*
**

*

*

0 5 10 15 20 25 30

36
.2

36
.6

37
.0

cycle days
bb

t v
al

ue
s 

(C
)

*

*
**

**
*

**
*
***

*
*

*

*

*

*
*

*

*

*

*
*
**

*

*
**

**

*

*

*

*

*
**

*
*

*

*

*

*

**

*

********

5 10 15 20 25 30

36
.5

36
.7

36
.9

37
.1

cycle days

bb
t v

al
ue

s 
(C

)

**

**

*

*

*

*

*
**

*
*

*

*

*

*

**

*

********

*

*

*

*

*

****
**

*
**

*

*

*

*

*

*

*

*
*
*

*

*

*

**

*

**

*

*

5 10 20 30

36
.4

36
.6

36
.8

37
.0

cycle days

bb
t v

al
ue

s 
(C

)

*

*

*

*

*

****
**

*
**

*

*

*

*

*

*

*

*
*
*

*

*

*

**

*

**

*

*

* *
*

* *

*

*

*

* *

*

*

*

* *

*

* *

* *

*

*

*

5 10 15 20 25

36
.3

36
.5

36
.7

36
.9

cycle days

bb
t v

al
ue

s 
(C

)

* *
*

* *

*

*

*

* *

*

*

*

* *

*

* *

* *

*

*

*

*

*

* *

*

* * *

*

*

*

*

*

*

*
*

*

*

*
* *

*

10 15 20 25

36
.3

36
.4

36
.5

36
.6

36
.7

cycle days
bb

t v
al

ue
s 

(C
)

*

*

* *

*

* * *

*

*

*

*

*

*

*
*

*

*

*
* *

*

Fig. 2. Estimated bbt curves and the 95% confidence band from the RVM procedure

Fig. 3. Estimated population and subject-specific bbt curves from the RVM procedure
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3.3 Prediction

To evaluate the predictive ability of the proposed RVM procedure, we conducted
an out-of-sample prediction. Typically, we dropped about 20% of the total obser-
vations chosen at random from each woman and predicted their values based on a
model that contained the remaining bbt measurements. The correlation value between
the predicted 20% that were dropped and their corresponding fitted values when all
observations are present was 0.80.

Figure 4 shows the predicted bbt values from four randomly selected subjects
based on the RVM procedure. The thick line and the gray region in each plot repre-
sent the estimated curve and the 95% confidence band based on all observations. The
small vertical lines represent the 95% predictive confidence intervals while the star
(∗) at the middle of the vertical lines represents the predicted estimates. This result has
substantial clinical implications, as women may be able to collect fewer bbt observa-
tions without greatly reducing the accuracy of the estimated bbt curve over the cycle.
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Fig. 4. Estimated bbt curves based on the RVM method and the predicted 20% out of sample
bbt values

4 Conclusions

In the literature data smoothing procedures have been used to estimate non-linear
curves. For example, [2] used a penalised smoothing spline mixed-model to gener-
ate smooth curves for multi-level data. To reduce the dimension of the data [7] used
Functional Principal Component Analysis (FPCA) on linear mixed models to generate
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sparse models that can approximate non-linear curves. However, these MCMC based
approaches do not allow fast computation since the computation relies on slow and
computational intensive MCMC algorithms. The use of the RVM method can help
hasten the computation process leading to a faster model building process that can si-
multaneously address the two variable selection problems at a less computational cost.

The multi-task Relevant Vector Machine (MT-RVM) approach has been used in
machine learning especially in signal reconstruction and compressive sensing appli-
cations [13]. However, the application of this approach has not featured in applications
that involve smoothing non-linear curves using penalised spline basis functions. In
this paper we demonstrate the use of RVM as an alternative approach to computer
intensive methods that rely on MCMC. The method is fast and can be used in large
dimensional functional models to generate sparse linear and linear mixed models that
can be used to rapidly estimate non-linear curves from massive datasets. In this appli-
cation the RVM procedure was used to smoothen non-linear bbt curves that feature
commonly in many reproductive studies.

In linear models there exists numerous variable selection procedures where vari-
able selection procedure can be based on likelihood ratio tests, goodness-of-fit criteria
and other methods that are commonly applied in linear regression models. However,
in a linear mixed model framework, the variable selection procedures for the random
effects normally fail due to complications that arise since the null hypothesis lies on
the boundary of the parameter space. Hence, the likelihood ratio (LR) test statistic is
no longer valid. This work proposes a fast approximate Bayes approach for simulta-
neous selection of both fixed and random effects to fit a linear mixed effects model.
In adapting the RVM method to perform variable selection, we considered a linear
mixed model that assumes independent random effects. This is not always possible
in many practical situations; hence [5] have extended the use of RVM methodology
into linear mixed models with correlated random effects.

The advantage of our approach is not only computational speed, but it also al-
lows for better generalised performance which can lead to sparse generalised linear
mixed models. This aspect can provide inference for a wide variety of models at a
moderate computational cost. For example, the RVM methodology can be extended
to accommodate probit models as well as handle functional models that have multiple
predictors. Moreover, the approach can easily be implemented into more complex and
high dimensional functional models with hierarchical data where a subject is allowed
to have data from multiple cycles.
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A parametric Markov chain to model age- and
state-dependent wear processes

Massimiliano Giorgio, Maurizio Guida and Gianpaolo Pulcini

Abstract. Many technological systems are subjected, during their operating life, to a gradual
wear process which, in the long run, may cause failure. According to the literature, it results
that statisticians and engineers have almost always modeled wear processes by independent
increments models, which imply that future wear is assumedto depend, at most, on the system’s
age. In many cases it seems to be more realistic and appropriate to adopt stochastic models which
assume that factors other than age affect wear. Indeed, wear models which can (also) account
for the dependence on the system’s state have been previously proposed in the literature [1, 3,
11, 13]. Many of the abovementioned models present a very complex structure that prevents
their application to the kind of data that are usually available. As such, in this paper, a new
simple parametric Markov chain wear model is proposed, in which the transition probabilities
between process states depend on both the current age and the current wear level of the system.
An application based on a real data set referring to the wear process of the cylinder liners of
heavy-duty diesel engines for marine propulsion is analysed and discussed.

Key words: wear processes,age and state-dependentwear growth, non-homogeneousMarkov
chain, negative binomial distribution

1 Introduction

The wear processes of technological units are usually affected by two kind of vari-
ability: unit to unit variability [7] and temporal variability [10]. Unit to unit variability
determines heterogeneity among the wear paths of different items, which goes beyond
what can be accounted for by adopting explanatory variables. This form of variabil-
ity is usually modeled by introducing unit-specific random effects (see, for example,
[7, 9]). Temporal variability, instead, determines the random fluctuation over time of
the wear rate of each single unit. This form of variability is usually described via
appropriate stochastic processes. This paper is focused on stochastic models which
can be used to describe the temporal variability of a (monotonically increasing) wear
process.

Since the 1960s, a large body of literature has addressed this problem and many
different stochastic models have been proposed (see, for example [1, 2, 4, 11, 12]).
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Most of the above mentioned literature concentrated its attention on stochastic pro-
cesses with independent increments, which assume that transition probabilities be-
tween process states depend on time (at most), but do not depend on the current
process state (independent increment assumption). The main advantage in using pro-
cesses with independent increments is that they often allow for simple solutions to
statistical problems such as parameter estimation, hypothesis testing, goodness-of-fit
and prediction. Indeed, in the case of many wear processes, the use of models with
independent increments does not appear to be fully convincing. In fact, very often it
seems more realistic to assume that wear rate can depend on item state. This idea is
not new. Wear models which can (also) account for the dependence on the system
state were previously proposed in the literature [1, 3, 11, 13]. Nonetheless, many of
the abovementioned wear models have never been applied to solve practical prob-
lems. Ever better, in almost all the cases in which an application was proposed, only
special cases which degenerate in processes with independent increments were effec-
tively applied. As far as we are aware, the only age- and state-dependent wear model
proposed up to now in the literature and suitable, at least in principle, for practical
applications is the non-homogeneous Markov chain proposed in [1]. A fully oper-
ative characterisation of the wear model and estimation procedures were given by
the authors only for a simplified version of the proposed model (i.e., a homogeneous
Markov chain version), which is able to describe a pure state-dependent wear process
only. In addition, the usefulness of the proposed approach appears very limited since
the proposed estimation procedure requires, in practice, that the wear level of at least
10 copies of the system under study have to be continuously monitored, until they
reach a given wear level of interest. In addition, the model proposed in [1] is non-
parametric, thus it cannot be used to describe and/or to predict wear growth beyond
the largest observed wear level.

The analysis of the state of the art stimulated a research activity whose aim was
to formulate an age- and state-dependent wear model, simple enough to be applied to
data actually available in technological applications, which very often arise from un-
commonly truncated processes and are obtained via periodic or staggered inspections.
As a first partial attempt to fill the abovementioned methodological gap and, in partic-
ular, to overcome the limitations of the model proposed in [1], a 3-parameter Markov
chain model which is able to describe a pure state-dependent wear process was re-
cently proposed and applied to a set of real wear data [5]. As an additional contribution,
in the present paper, a new 4-parameter non-homogeneous Markov chain is proposed,
which can be used to model both the dependence on current age and current state.
An important feature of the proposed model (hereinafter called the A&SD model) is
that a pure state-dependent model and a pure age-dependent model are nested within
it. These nested models are themselves valid alternatives to the 3-parameter model
presented in [5], and to the widely adopted gamma process [2, 12].

The A&SD model is applied to the case of the degradation process of cylinder
liners of identical heavy-duty diesel engines for marine propulsion, which equip
three identical ships of the Grimaldi Group. Some preliminary considerations, both
of technological and statistical nature, are made to partially motivate the structure
of the model. Maximum likelihood estimates of the A&SD model parameters were
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performed on the basis of real wear measures obtained via staggered inspections.
Finally, a formal likelihood ratio test was formulated and applied, which enables one
to check whether the wear process under study can be reduced to either the pure age-
or pure state-dependent processes nested within the proposed general A&SD model.

2 System description and preliminary technological
considerations

Cylinder liner wear is one of the main factors causing failure of heavy-duty marine
diesel engines. The maximum wear usually occurs at the Top Dead Centre (TDC) of
the liner (see Figure 1), where maximum mechanical and thermal loads are concen-
trated [8].

Fig. 1. A cross-section of the 8-cylinder liner of a SULZER RTA 58 engine

Many studies agree that wear at the TDC is mainly due to the presence of a high
quantity of abrasive particles on the piston surface, produced by the combustion of
heavy fuels and by oil degradation (soot). The wear mechanism may be envisaged as
a three-body contact mode. Abrasive contact between the soot and the liner metal sur-
face takes place if the lubricant film results thicker than the soot particle size. Indeed,
soot particles are harder than the corresponding engine parts. In addition to abrasive
wear, corrosive wear also occurs due to the action of sulfuric acid, nitrous/nitric acids
and water. Thus, liner wear can be viewed as a monotonically increasing cumula-
tive damage process. Moreover, since wear increments are (mostly if not entirely)
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generated by contact between the soot and the liner metal surface, it seems reason-
able to assume that both the probability that contact occurs, and the probability that
contact produces a given effect, depend on the state of the metal surface. Thus, a
model in which the increments depend (also) on state seems to be a good candidate
for describing the wear process under study.

3 Data description and preliminary statistical considerations

The data set analysed in this paper consists of 64 measures of the wear level of the TDC
observed in m = 32 cylinder liners of 8-cylinder SULZER engines. These engines
equip a fleet of three identical cargo ships of the Grimaldi Group, which operate on
the same routes under homogeneous operating conditions. Data were collected from
January 1999 to August 2006 via ad hoc inspections performed on average every
8,000–10,000 hours. Inspection intervals rarely coincide, because the maintenance of
propulsion marine engines consists mainly of staggered activities. Moreover, many
inspection intervals result larger than expected due to the presence of missing data.
Available data are reported in Table 1, where:

• ni(i = 1, 2, . . . , 32) denotes the number of inspections performed on liner i;
• ti, j (i = 1, 2, . . . , 32; j = 1, . . . , ni) denotes the age (in operating hours) of the

liner i at the time of the j -th inspection;
• wi, j ≡ W

(
ti, j
)

denotes the wear (in mm) measured on liner i during the j -th
inspection.

Each measure was performed adopting a caliper of sensitivity 0.05 mm. Thus, all
the available wear measures are rounded to the nearest multiple of 0.05.

Figure 2 shows the measured wear accumulated by the 32 liners, where the mea-
sured data points have been linearly interpolated for graphical representation.
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Fig. 2. Observed (interpolated) paths of liner wear
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Table 1. Wear data of 32 cylinder liners (t [hours], w [mm])

i ni ti,1 wi,1 ti,2 wi,2 ti,3 wi,3 ti,4 wi,4

1 3 11,300 0.90 14,680 1.30 31,270 2.85
2 2 11,360 0.80 17,200 1.35

3 2 11,300 1.50 21,970 2.00
4 2 12,300 1.00 16,300 1.35

5 3 14,810 1.90 18,700 2.25 28,000 2.75
6 3 9,700 1.10 19,710 2.60 30,450 3.00

7 3 10,000 1.20 30,450 2.75 37,310 3.05
8 3 6,860 0.50 17,200 1.45 24,710 2.15

9 3 2,040 0.40 12,580 2.00 16,620 2.35
10 4 7,540 0.50 8,840 1.10 9,770 1.15 16,300 2.10

11 3 8,510 0.80 14,930 1.45 21,560 1.90
12 4 18,320 2.20 25,310 3.00 37,310 3.70 45,000 3.95

13 3 10,000 2.10 16,620 2.75 30,000 3.60
14 2 9,350 0.85 15,970 1.20

15 1 13,200 2.00
16 1 7,700 1.05

17 1 7,700 1.60
18 1 8,250 0.90

19 1 3,900 1.15
20 1 7,700 1.20

21 1 9,096 0.50
22 1 19,800 1.60

23 1 10,450 0.40
24 1 12,100 1.00

25 4 12,000 1.95 27,300 2.70 49,500 3.15 56,120 4.05
26 1 8,800 1.40

27 1 2,200 0.40
28 3 33,000 2.90 38,500 3.25 55,460 4.10

29 2 8,800 0.50 27,500 2.15

30 1 8,250 0.70
31 1 18,755 1.15

32 1 8,490 0.95

Observing the wear paths, it is possible to recognise an accommodation period,
with an overall decreasing wear rate, which occupies almost the entire observation
period, a behaviour that is in agreement with the literature (see, for example, [4]).
Moreover, the observed (interpolated) paths are closely interwoven, the rate of wear
of an individual liner changes with operating time, and these changes are of a random
nature. Thus, this application shows an evident presence of temporal variability. On
the contrary, this preliminary study gives no clear evidence in favour of the presence of
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Fig. 3. Empirical estimates of the mean and standard deviation of liner wear

unit to unit variation. Although these visual analyses cannot be considered conclusive,
only the temporal variability will be taken into account in the following discussion.
A more comprehensive study concerning the possible presence of random effects is
presented in [5].

Figure 3 shows the empirical estimates of the mean and standard deviation of
the wear process as a function of time. Since the inspection times generally differ,
and thus wear measures generally refer to different ages of the liners, these empirical
estimates were obtained by using an interpolation procedure at selected equispaced
times τk = k · maxi (ti,ni )/20 (k = 1, 2, . . . , 20). Namely, for each liner i such that
ti,ni ≥ τk , the linearly interpolated wear value, say Wi (τk), is obtained by

Wi(τk ) = W (ti, j )− W (ti, j−1)

ti, j − ti, j−1
· (τk − ti, j−1)+ W (ti, j−1); i : ti,ni ≥ τk,

where ti, j is the smallest inspection time of liner i larger than or equal to τk , and mk
is the number of liners whose last inspection time is larger than or equal to τk . Then,
the empirical estimates of the mean and standard deviation are obtained as:

Ẽ (W (τk)) =

∑
i:ti,ni ≥τk

Wi(τk )

mk
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Std ˜Dev (W (τk)) =

⎛⎜⎜⎜⎝
∑

i:ti,ni ≥τk

[
Wi(τk )− Ẽ (W (τk ))

]2

mk − 1

⎞⎟⎟⎟⎠
1/2

.

Figure 3 clearly shows that the mean wear is a downward (monotone increasing)
function of time and, even more important, the estimated standard deviation presents
a non-monotone trend. This behaviour cannot be reproduced by a model with inde-
pendent increments, whose standard deviation increases monotonically with system
age. Obviously, this explorative analysis is not considered to give strong evidence
against the hypothesis that the wear process under study has independent increments.
Nevertheless, it constitutes a considerable clue in favour of the idea that, in this appli-
cation, an adequate wear model is one which assumes that factors other than system
age are affecting wear.

4 Model description

Let {W (t); t ≥ 0} denote the (non-decreasing, continuous time, continuous state)
process that describes the evolution of wear accumulated by an item over the operating
time t , when starting from a known initial state W (0) = W0. By dividing the time and
wear axes into contiguous and equispaced intervals of length h and � respectively,
a discrete time, discrete state stochastic model, say {W (v); v = 0, 1, 2 . . .}, which
approximates the actual wear process is derived, where W (ν) represents the system
state at time tν = νh. This model is assumed to be a non-homogeneous Markov chain
with countable state space {W (ν) = k ·�; k = 0, 1, 2, . . .}.

The elements [P(ν)]k,k+s (k, s = 0, 1, 2, . . .) of the one–step transition matrix
P(ν) are defined by

[P(ν)]k,k+s ≡ Pr{W (ν + 1) = (k + s)�|W (ν) = k�} =

=
(

s + ψ(ν; a, b)− 1

ψ(ν; a, b)− 1

)[
�

ϕ(k; c, d) +�

]ψ(ν;a,b) [ ϕ(k; c, d)

ϕ(k; c, d) +�

]s

,

s = 0, 1, 2, . . . (1)

where ψ(ν; a, b) and φ(k; c, d) are two non-negative functions that account for the
dependence on age and state respectively. These functions have to be properly defined
in order to well describe the wear process under study. In this paper, the commonly
used power law function

ψ(ν; a, b) = [(ν + 1)h/a]b − (νh/a)b, a, b > 0

has been used to account for the dependence on age, and the classical exponential
smoothing function

φ(k; c, d) = d exp(−c · k ·�), d > 0,−∞ < c < +∞



92 M. Giorgio, M. Guida and G. Pulcini

has been adopted to account for the dependence on state, due to its flexibility. In fact,
the exponential function allows a description of constant, monotone increasing and
monotone decreasing behaviours, depending on the value of the shape parameter c.

Thus, according to model (1), the transition probability [P(ν)]k,k+s depends both
on the current age t = ν · h, and on the current state W (ν) = k · � of the system.
Moreover, model (1) assumes that, given the system wear level k ·� at the age tν = νh,
the (discrete) wear increment W (ν + 1) − W (ν) over the elementary time interval
[νh, (ν + 1)h] has a negative binomial distribution with mean

E(W (ν + 1)− W (ν)|W (ν) = k ·�) = ψ(ν; a, b)φ(k; c, d)

and variance

Var(W (ν + 1)− W (ν)|W (ν) = k ·�) = ψ(ν; a, b)φ(k; c, d)[φ(k; c, d)+ �].

From (1), the δ–step (δ > 1) transition matrix, say P(δ)(ν), whose element
[P(δ)(ν)]k,k+s gives the transition probability from state k to state k + s during the
time interval (kh, (k + s)h), is given by

P(δ)(ν) =
ν+δ−1∏

r=ν
P(r). (2)

From (2), the mean and variance of the wear level at time tδ = δh, given the initial
state W (0) = k0�, are, respectively:

E(W (δ)|k0) =
∞∑

s=0

(k0 + s)� · [P(δ)(0)]k0,k0+s, δ = 1, 2, . . . (3)

Var(W (δ)|k0 ) =
∞∑

s=0

[(k0 + s)� − E(W (δ)|k0)]2 · [P(δ)(0)]k0,k0+s ; δ = 1, 2, . . . .

(4)
Model (1) includes, as a special case: a) a pure age-dependent model, b) a pure
state-dependent model, and c) a homogeneous process with independent increments.
Indeed, when c = 0, the function φ(k; c, d) becomes a constant independent of
the current state and the A&SD model (1) is reduced to a pure age-dependent (AD)
Markov chain with negative binomial independent increments. Due to the relationship
between negative binomial and gamma random variables [6], this AD model can be
regarded as the discrete time-discrete state version of the widely applied gamma
process [2,12]. On the other hand, when b = 1, the function ψ(ν; a, b) becomes a
constant independent of the current age, and the A&SD model (1) is reduced to a pure
state-dependent (SD) homogeneous Markov chain, which is practically equivalent to
the SD model presented in [5]. Finally, when c = 0 and b = 1, the A&SD model
(1) is reduced to a homogeneous, independent increment Markov process which can
be considered as the discrete state version of gamma process with independent and
stationary increments.
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Note that, when c = 0, the δ–step transition matrix no longer requires the product
of matrices, is independent of the state k, and can also be used for non-integer values
of δ. In particular, for the AD model

[P(δ)(ν)]k,k+s =
(

s + ψ(δ)(ν; a, b)− 1
ψ(δ)(ν; a, b)− 1

) [
�

d + �

]ψ(δ)(ν;a,b) [ d

d + �

]s

,

s = 0, 1, 2, . . . ,

where ψ(δ)(ν; a, b) = [(ν + δ)h/a]b − (νh/a)b, whereas for the homogeneous,
independent increments Markov process:

[P(δ)(ν)]k,k+s =
(

s + (δh/a)− 1

(δh/a)− 1

) [
�

d +�

](δh/a) [ d

d +�

]s

, s = 0, 1, 2, . . . .

5 Parameter estimation

Let vi, j = int (ti, j /h + 0.5) denote the age of the liner i (i = 1, . . . ,m) at the j th
inspection epoch ( j = 1, . . . , ni) in the discretised time axis, and let ki, j = wi, j /�
denote the state of the liner i at the j th inspection epoch within the discrete–state
approximation. Note that, in the present application wear measures are rounded to
the nearest multiple of 0.05 mm and � is chosen exactly equal to 0.05, then each ratio
wi, j/� is an integer.

From (2), the probability of the wear W (vi, j ) accumulated by the liner i up until
inspection time vi, j · h ∼= ti, j , given the state W (vi, j−1) = ki, j−1� at the previous
inspection time vi, j−1 · h ∼= ti, j−1, results in

Pr{W (νi, j ) = ki, j �|W (νi, j−1) = ki, j−1�} =
⎡⎣ vi, j −1∏

r=νi, j−1

P(r)

⎤⎦
ki, j−1 ,ki, j

,

where ti,0 ≡ 0, νi,0 ≡ 0, and ki,0 ≡ 0, and the approximation arises because
νi, j ∼= ti, j /h and νi, j−1 ∼= ti, j−1/h. Then, since the probability distribution of
W (νi, j ) depends on the history only through age and state of the liner at the pre-
vious inspection, the joint probability of the observed wear levels of each liner i is
given by

ni∏
j=1

Pr{W (νi, j ) = ki, j |W (νi, j−1) = ki, j−1}.

Thus, the likelihood function is

L(a, b, c, d|data) =
m∏

i=1

ni∏
j=1

⎡⎣ νi, j −1∏
r=νi, j−1

P(r)

⎤⎦
ki, j−1 ,ki, j

, (5)
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where the elements of P(r) are implicitly functions of the model parameters a, b, c
and d through (1). These parameters are estimated by maximising the logarithm of
(5) through a numerical optimisation procedure. Since P(r) is, in principle, an infinite
matrix, we treated the state kmax + 1, where kmax is the largest observed wear state
(kmax = 82 in the present application), as an absorbing state, and we replaced the
matrix P(r) by the finite (kmax +2×kmax +2) matrix Q(r). By setting h = 500 hours
and � = 0.05mm, the ML estimates of a, b, c and d are

â = 1379.7h, b̂ = 1.021, ĉ = −0.3162mm−1, d̂ = 0.1823mm,

and the ML estimate, say P̂(r), of the one-step transition matrix P(r) is easily obtained
from (1). ML estimates of mean and variance of the wear level at the time tδ = δh,
given the initial state W (0) = k0�, are obtained by substituting P̂(r) in place of
P(r) in expressions (3) and (4) respectively. The ML estimates of mean and standard
deviation are depicted in Figure 4, together with the empirical estimates of Figure 3.
The plots show that the ML estimate of the mean wear (3) follows the observed
data very well, and that the ML estimate of the standard deviation (4) reproduces the
non-monotone behaviour of the empirical estimate.

0 10,000 20,000 30,000 40,000 50,000 60,000
Operating time  [h]

0.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0
4.5
5.0
5.5

M
ea

n 
es

tim
at

ed
 w

ea
r  

[m
m

]

0 10,000 20,000 30,000 40,000 50,000 60,000
Operating time  [h]

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Es
tim

at
ed

 S
td

 D
ev

 o
f w

ea
r  

[m
m

]

Fig. 4. Empirical estimate (•) and ML estimate under the A&SD model (continuous lines) of
mean and standard deviation of liner wear
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6 Testing dependence on time and/or state

Let: θ be the p × 1 vector of model parameters, and � the p-dimensional parameter
space; Hi = {θ : θ ∈ �i } (i = 0, 1) the hypothesis set on θ , where�0 is the parameter
space when r (r < p) components of θ are perfectly known, and �1 = �−�0. It is
well known that, in repeated sampling, the statistic

�r = −2 ln

[
sup
θ :θ∈�

L(θ |data)− sup
θ :θ∈�0

L(θ |data)

]
(6)

is approximately distributed as a chi-square random variable with r degrees of free-
dom.

Based on the statistic (6), three different null hypotheses were tested against
the alternative hypothesis H1 of a non-homogeneous Markov chain (1) with state
dependent increments, namely:

• a homogeneous Markov chain with independent increments, i.e., b = 1 and c = 0;
• a non-homogeneous Markov chain with independent increments (AD model), i.e.,

c = 0;
• a homogeneous Markov chain with state-dependent increments (SD model), i.e.,

b = 1.

From the estimation results given in Table 2 and the estimated log-likelihood
under the alternative hypothesis H1, say ln L(â, b̂, ĉ, d̂|data) = −213.158, we have
that:

• the null hypothesis of a homogeneous Markov chain with independent increments
is rejected (�2 = 27.31, p–value = 1.2 × 10−6);

• the null hypothesis of an AD model is rejected (�1 = 7.46, p–value = 0.0063);
• the null hypothesis of an SD model is not rejected (�1 = 0.021, p–value = 0.886).

Thus, it is reasonable to assume that the factor which mainly affects the wear
process of cylinder liners is the current liner state, not the liner age.

Table 2. Estimation results under the null hypotheses

Null hypothesis â[h] b̂ ĉ[mm−1] d̂[mm] Estimated
log-likelihood

Markov chain indep. increments 1646.0 1 0 0.1544 −226.814
AD model 559.4 0.8138 0 0.1056 −216.887
SD model 1283.2 1 0.2977 0.1756 −213.168

Figure 5 compares the estimated mean and standard deviation curves within the
A&SD model to the corresponding curves obtained within the SD model, the AD
model, and the homogeneous chain with independent increments. The estimated
curves show that the SD model fits the observed wear process as well as the A&SD
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Fig. 5. Empirical (•) and ML (continuous lines) estimates of mean and standard deviation of
liner wear

model (in particular, the mean curves within these two models are indistinguishable
and the standard deviation curves are very close to each other), whereas both the AD
model and, moreover, the homogeneous Markov chain with independent increments
are inadequate to describe the wear process.

7 Conclusions

In this paper an innovative degradation model is proposed, in which the transition
probabilities between states depend both on the current age and current state of the
system. The proposed model is expected to be suitable for describing a wide class of
degradation phenomena since it can be easily applied also to pure age-dependent and
pure state-dependent processes. In particular, the proposed model appears to fit well
the wear data obtained from cylinder liners of diesel engines which equip three iden-
tical ships of the Grimaldi Group. Performing testing procedures, based on the likeli-
hood ratio statistic, allows one to assess whether the degradation process under study
really depends on the age and/or state of the system. In particular, the wear process
of cylinder liners is shown to be strongly affected by the system state, not by its age.
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Case studies in Bayesian computation using INLA

Sara Martino and Håvard Rue

Abstract. Latent Gaussian models are a common construct in statistical applications where
a latent Gaussian field, indirectly observed through data, is used to model, for instance, time
and space dependence or the smooth effect of covariates. Many well-known statistical models,
such as smoothing-spline models, space time models, semiparametric regression, spatial and
spatio-temporal models, log-Gaussian Cox models, and geostatistical models are latent Gaus-
sian models. Integrated Nested Laplace approximation (INLA) is a new approach to implement
Bayesian inference for such models. It provides approximations of the posterior marginals of
the latent variables which are both very accurate and extremely fast to compute. Moreover,
INLA treats latent Gaussian models in a general way, thus allowing for a great deal of automa-
tion in the inferential procedure. The inla programme, bundled in the R library INLA, is a
prototype of such black-box for inference on latent Gaussian models which is both flexible
and user-friendly. It is meant to, hopefully, make latent Gaussian models applicable, useful and
appealing for a larger class of users.

Key words: approximate Bayesian inference, latent Gaussian model, Laplace approximations,
structured additive regression models

1 Introduction

Latent Gaussian models are an apparently simple but very flexible construct in statis-
tical applications which covers a wide range of common statistical models spanning
from (generalised) linear models, (generalised) additive models, smoothing spline
models, state space models, semiparametric regression, spatial and spatiotemporal
models, log-Gaussian Cox processes and geostatistical and geoadditive models. In
these models, the latent Gaussian field serves as a flexible and powerful tool to model
non-linear effects of covariates, group specific heterogeneity, as well as space and
time dependencies among data.

Bayesian inference on latent Gaussian models is not straightforward since, in
general, the posterior distribution is not analytically available. Markov Chain Monte
Carlo (MCMC) techniques are, today, the standard solution to this problem and several
ad hoc algorithms have been developed in recent years. Although in theory always
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possible to implement, MCMC algorithms applied to latent Gaussian models come
with a wide range of problems in terms of convergence and computational time.
Moreover, the implementation itself might often be problematic, especially for end
users who might not be experts in programming.

Integrated Nested Laplace approximation (INLA) is a new tool for Bayesian
inference on latent Gaussian models when the focus is on posterior marginal dis-
tributions [20]. INLA substitutes MCMC simulations with accurate, deterministic
approximations to posterior marginal distributions. The quality of such approxima-
tions is extremely high, such that even very long MCMC runs could not detect any
error in them. A detailed description of the INLA method and a thorough comparison
with MCMC results can be found in [20].

INLA presents two main advantages over MCMC techniques. The first and most
outstanding is computational. Using INLA results are obtained in seconds and minutes
even for models with a huge dimensional latent field, while a well build MCMC
algorithm would take hours or even days. This is also due to the fact that INLA
is naturally parallelised, thus making it possible to exploit the new trend of having
multi-core processors. The second, and not less important advantage, is that INLA
treats latent Gaussian models in a unified way, thus allowing greater automation of
the inference process. The core of the computational machinery, automatically adapts
to any kind of latent field so that, from the computational point of view, it does not
matter if we deal with, for example, spatial or temporal models. In practice INLA can
be used almost as a black box to analyse latent Gaussian models.

A prototype of such programme, INLA, together with a user-friendly R interface
(INLA library) is already available from the web-site www.r-inla.org. Its goal
is to make the INLA approach available for a larger class of users. The hope is that
near instant inference and simplicity of use will make latent Gaussian models more
applicable, useful and appealing for the end user.

The purpose of this paper is to give an overview of models to which INLA is
applicable. We will present a series of case studies ranging from generalised linear
models to spatially varying regression models to survival models, solved using the
INLA methodology through the INLA library. The structure of this article is as fol-
lows. Section 2 describes latent Gaussian models and their main features. Section 3
and Section 4 briefly introduce the INLA approach and theINLA library. In Section 5
three case studies are analysed. They include a GLMM model with over-dispersion,
different models for spatial analysis and a model for survival data. We end with a
brief discussion in Section 6.

2 Latent Gaussian models

Latent Gaussian models are hierarchical models which assume an n-dimensional
Gaussian field x = {xi : i ∈ V} to be point-wise observed through nd conditional
independent data y. Both the covariance matrix of the Gaussian field x and the like-
lihood model for yi |x can be controlled by some unknown hyperparameters θ . In
addition, some linear constraints of the form Ax = e, where the matrix A has rank k,
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may be imposted. The posterior then reads:

π(x, θ | y) ∝ π(θ) π(x | θ)
∏
i∈I

π(yi | xi , θ). (1)

As the likelihood is not often Gaussian, this posterior density is not analytically
tractable.

A slightly different point of view to look at latent Gaussian models is to consider
structured additive regression models; these are a flexible and extensively used class
of models, see for example [8] for a detailed account. Here, the observation (or
response) variable yi is assumed to belong to an exponential family where the mean
μi is linked to a structured additive predictor ηi through a link-function g(·), so that
g(μi) = ηi . The likelihood model can be controlled by some extra hyperparameters
θ1. The structured additive predictor ηi accounts for effects of various covariates in
an additive way:

ηi = β0 +
n f∑
j=1

w j i f ( j)(u ji )+
nβ∑

k=1

βk zki + εi . (2)

Here, the{βk }’s represent the linear effect of covariates z. The { f ( j)(·)}’s are unknown
functions of the covariates u. These can take very many different forms: non-linear
effects of continuous covariates, time trends, seasonal effects, i.i.d. random intercepts
and slopes, group specific random effects and spatial random effects can all be rep-
resented through the { f ( j)}’s functions. The wi j are known weights defined for each
observed data point. Finally, εi ’s are unstructured random effects.

A latent Gaussian model is obtained by assigning x = {{ f ( j)(·)}, {βk }, {ηi }}, a
Gaussian prior with precision matrix Q(θ2), with hyperparameters θ2. Note that we
have parametrised the latent Gaussian field so that it includes the ηi’s instead of the
εi’s, in this way some of the elements of x, namely the ηi ’s, are observed through the
data y. This is mainly due to the fact that the INLA library requires each data point
yi to be dependent on the latent Gaussian field only through one single element of x,
namely ηi . For this reason, a small random noise, εi , with high precision is always
automatically added to the model. The definition of the latent model is completed by
assigning the hyperparameters θ = (θ1, θ2) a prior distribution.

In this paper the latent Gaussian models are assumed to satisfy two basic proper-
ties: First, the latent Gaussian model x, often of large dimension, admits conditional
independence properties. In other words it is a latent Gaussian Markov random field
(GMRF) with a sparse precision matrix Q [18]. The second property is that the di-
mension m of the hyperparameter vector θ is small, say ≤ 6. These properties are
satisfied by many latent Gaussian models in the literature. Exceptions exist, geosta-
tistical models being the main one. INLA can still be applied to geostatistical models
using different computational machinery or using a Markov representation of the
Gaussian field (see [7] and the discussion contribution from Finn Lindgren in [20]).
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3 Integrated Nested Laplace Approximation

Integrated Nested Laplace Approximation (INLA) is a new approach to statistical
inference for latent Gaussian models introduced by [19] and [20]. In short, the INLA
approach provides a recipe for fast Bayesian inference using accurate approximations
of the marginal posterior density for the hyperparameters π̃(θ |y) and for the full con-
ditional posterior marginal densities for the latent variables π̃(xi |θ, y), i = 1, . . . , n.
The approximation for π(θ |y) is based on the Laplace approximation [22], while for
π(xi |θ, y) three different approaches are possible: a Gaussian, a full Laplace and a
simplified Laplace approximation. Each of these has different features, computing
times and accuracy. The Gaussian approximation is the fastest to compute but there
can be errors in the location of the posterior mean and/or errors due to the lack of skew-
ness [19]. The Laplace approximation is the most accurate but its computation can be
time consuming. Hence, in [20], the simplified Laplace approximation is introduced.
This is fast to compute and usually accurate enough.

Posterior marginals for the latent variables π̃(xi |y) are then computed via numer-
ical integration such as:

π̃(xi |y) =
∫
π̃(xi |θ, y)π̃ (θ |y) dθ

≈
K∑

k=1

π̃(xi |θk , y)π̃ (θk |y) �k . (3)

Posterior marginals for the hyperparameters π̃(θ j |y), J = 1, . . . ,m are computed in
a similar way. The choice of the integration points θk can be done using two strategies:
the first strategy, more accurate but also time consuming, is a to define a grid of points
covering the area where most of the mass of π̃(θ |y) is located (GRID strategy);
the second strategy, named central composit design (CCD strategy), comes from the
design problem literature and consists of laying out a small amount of ‘points’ in an
m-dimensional space in order to estimate the curvature of π̃ (θ |y), see [20] for more
details on both strategies. In [20] it is suggested to use the CCD strategy as a default
choice. Such strategy is usually accurate enough for the computation of π̃(xi |y), while
a GRID strategy might be necessary if one is interested in an accurate estimate of
π̃(θ j |y). The approximate posterior marginals obtained from such procedure can then
be used to compute summary statistics of interest, such as posterior means, variances
or quantiles.

INLA can also compute, as a by-product of the main computations, other quantities
of interest like Deviance Information Criteria (DIC) [21], marginal likelihoods and
predictive measures as logarithmic scores [11] and the PIT histogram [6], useful to
detect outliers and to compare and validate models.

Different strategies to assess the accuracy of the various approximations for the
densities xi|θ, y are described in [20]. The INLA approximations assume the posterior
distribution π(x|θ, y) to be unimodal and fairly regular. This is usually the case for
most real problem and data sets. INLA can, however, deal to some extent with the
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multimodality of π(θ |y), provided that the modes are sufficiently closed. See the
discussion contributions of Ferreira and Hodges and the author’s reply in [20].

Theory and practicalities surrounding INLA are extensively analysed in [20] and
will not be repeated here. Loosely speaking we can say that INLA fully exploits
all the main features of the latent Gaussian models described in Section 2. Firstly,
all computations are based on sparse matrix algorithms which are much faster than
the corresponding algorithms for dense matrix. Secondly, the presence of the latent
Gaussian field and the usual “good behaviour” of the likelihood function justify the
accuracy of the Laplace approximation. Finally, the small number of hyperparameters
θ makes the numerical integration in equation (3) computationally feasible.

4 The INLA package for R

Computational speed is one of the most important components of the INLA approach,
therefore special care has to be put into the implementation of the required algorithms.
All computations required by the INLA methodology are efficiently performed by
the inla programme, written in C based on the GMRFLib-library which includes
efficient algorithms for sparse matrices [18]. Both the inla programme and the
GMRFLib-library, in addition,use the OpenMP (see http://www.openmp.org)
to speed up the computations for shared memory machines, i.e. multicore processors,
which are today standard for new computers.

Moreover, the inla programme is bundled within an R library called INLA in
order to aid its usage. The software is open-source and can be downloaded from the
web site www.r-inla.org. It is run by Linux, MAC and Windows. On the same
website documentation and a large sample of applications are also provided.

5 Case studies

The following examples are meant to give an overview of the range of application
of the INLA methodology. All examples are implemented using the INLA library on
a dual-core 2.5GHz laptop. The R code is reported where it was considered helpful.
The rest of the R code can be downloaded from the www.r-inla.org website in
the Download section.

5.1 A GLMM with over-dispersion

The first example is a generalised linear mixed model with binomial likelihood,where
random effects are used to model within group extra variation. The data concern the
proportion of seeds that germinated on each of m = 21 plates arranged in a 2 × 2
factorial design with respect to seed variety and type of root extract. The data set was
presented by [5] and analysed among others by [3]. This example is also included
in the WinBUGS/OpenBUGS manual [15]. In [9] the authors perform a comparison
between the INLA and the maximum likelihood approach for this particular data set.
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The sampling model is yi |ηi ∼ Binomial (ni , pi) where, for plate i = 1, . . . ,m,
yi is the number of germinating seeds (variable name (vn): r) and ni the total number
of seeds ranging from 4 to 81 (vn:n), and pi = logit−1(ηi ) is the unknown probability
of germinating. To account for between plate variability, [3] introduce plate-specific
random effects, and then fit a model with main and interaction effects:

ηi = β0 + β1z1i + β2z2i + β3z1i z2i + f (ui ), (4)

with z1i and z2i representing the seed variety (vn:x1) and type of root extract (vn:x2)
of plate i. We assign βk , k = 0, . . . , 3 vague Gaussian priors with known precision.
Moreover, we assume f (ui )|τu ∼ N (0, τ−1

u ), i = 1, . . . , 21, so that the general
f () function in Equation (2) here takes the simple form of i.i.d. random intercepts.
To complete the model we assign the hyperparameter a vague Gamma prior τi ∼
Gamma(a, b) with a = 1 and b = 0.001.

As explained in Section 2, when specifying the model in the INLA library a
tiny random noise εi with zero mean and known high precision is always added
to the linear predictor, so the latent Gaussian field for the current example is
x = {η1, . . . , ηm, β0, . . . , β3, u1, . . . , um}, while the vector of hyperparameters has
dimension one, θ = {τu}.

To run the model using INLA two steps have to be taken. Firstly, the linear
predictor of the model has to be specified as a formula object in R. Here the
function f() is used to specify any possible form of the general f () function in (2).
In the current model the i.i.d. random effect is specified using model="iid".

>formula = r ˜ x1*x2 + f(plate, model="iid")

Secondly, the specified model can be run by calling the inla() function:

>mod.seeds = inla(formula, data=Seeds, family="binomial",
+ Ntrials=n)

The a = 1 and b = 0.001 parameters for the Gamma prior for τu are the default
choice, therefore, there is no need to specify them. A different choice of parameters
a and b can be specified as f(plate,model="iid",param=c(a,b)).

A summary() function is available to inspect results:

> summary(mod.seeds)

Fixed effects:
mean sd 0.025quant 0.975quant kld

(Intercept) -0.554623 0.140843 -0.833317 -0.277369 5.27899e-05
x1 0.129510 0.243002 -0.326882 0.600159 3.97357e-07
x2 1.326120 0.199081 0.938824 1.725244 3.98097e-04
x1:x2 -0.789203 0.334384 -1.452430 -0.135351 3.35429e-05

Random effects:
Name Model Max KLD
plate IID model 4e-05

Model hyperparameters:
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mean sd 0.025quant 0.975quant
Precision for plate 1620.89 2175.49 104.63 7682.16

Expected number of effective parameters(std dev): 5.678(2.216)
Number of equivalent replicates : 3.698

Standard summary() output includes posterior mean, standard deviation, 2.5%
and 97.5% quantiles both for the elements in the latent field and for the hyperparam-
eters. Moreover, the expected number of effective parameters, as defined in [21], and
the number of data points per expected number of effective parameter (Number of
equivalent replicates) is also provided. These measures might be useful to
assess the accuracy of the approximation, see [20] for more details. Briefly, a low
number of equivalent replicates might flag a “difficult” case for the INLA approach.

The INLA library includes also a set of functions which post-process the marginal
densities obtained by inla(). These functions allow computation of the quantiles,
percentiles, expectations of function of the original parameter, density of a particular
value and also allow sampling from the marginal. As an example consider the follow-
ing: The output of theinla() function provides us with posterior mean and standard
deviation of the precision parameter τu . Assume that we are instead interested in the
posterior mean and standard deviation of the variance parameter σ 2

u = 1/τu. This can
be easily done by selecting the appropriate posterior marginal from the output of the
inla() function:

prec.marg = mod.seeds$marginals.hyperpar$"Precision for plate"

and then using the function inla.expectation()

> m1 = inla.expectation(function(x) 1/x, prec.marg)
> m2 = inla.expectation(function(x) (1/x)ˆ2, prec.marg)
> sd = sqrt(m2 - m1ˆ2)
> print(c(mean=m1, sd=sd))

mean sd
0.001875261 0.002823392

Sampling from posterior densities can be also be done using inla.rmarginal().
For example, a sample of size 1000 from the posterior π̃(β1|y) is obtained as follows:

> dens = mod.seeds$marginals.fixed$x1
> sample = inla.rmarginal(1000,dens)

More information about functions operating on marginals can be found by typing
?inla.marginal.

5.2 Childhood undernutrition in Zambia: spatial analysis

In the second example we consider three different spatial models to analyse the Zambia
data set presented in [14]. Here the authors study childhood undernutrition in 57
regions of Zambia. A total of nd = 4847 observation are included in the data set.
Undernutrition is measured by stunting, or inefficiency height for age, indicating
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chronic undernutrition. Stunting for child i = 1, . . . , nd is determined using a Z
score defined as

Zi = AIi − M AI

σ
,

where AI refers to the child’s anthropometric indicator, M AI refers to the median of
the reference population and σ refers to the deviation of the standard population. In
addition, the data set includes a set of covariates such as the age of the child (agei ),
the body mass index of the child’s mother (bmii ), the district the child lives in (si)
and four additional categorical covariates. For more details about the data set see [13]
and [14].

We assume the scores Zi (vn:hazstd) to be conditionally independent Gaussian
random variables with unknown mean ηi and unknown precision τz. We consider three
different models for the mean parameter ηi . The first is defined as:

ηi = μ+ zT
i β + fs (si )+ fu(si ). (5)

This model will be called MOD1. It assumes all six covariates to have a lin-
ear effect. Moreover, it contains a spatially unstructured component fu (si ) (vn:
distr.unstruct), which is i.i.d normally distributed with zero mean and un-
known precision τu , and a spatially structured component fs (si ) (vn: district)
which is assumed to vary smoothly from region to region. To account for such smooth-
ness fu (si ) is modeled as an intrinsic Gaussian Markov random field with unknown
precision τs , see [18]. This specification is also called a conditionally autoregressive
(CAR) prior [1] and was introduced by [2]. To ensure identifiability of the mean μ, a
sum-to-zero constrain must be imposed on the fs(si )’s. The latent Gaussian field for
this model is x = {μ, {βk }, { fs(·)}, { fu (·)}, {ηi }}, while the hyperparameters vector
is θ = {τz, τu, τs}. Vague independent Gamma priors are assigned to each element
in θ . When specifying the model in (5) using the INLA library, the type of smooth
effect is specified using model="iid" for the unstructured spatial component and
model="besag" for the structured one. Moreover, for the spatially structured term,
a graph file (e.g. "zambia.graph") containing the neighbourhood structure has
to be specified. The structure of such graph file is described in [16]. The resulting
model specification looks like:

>formula = hazstd ˜ edu1 + edu2 + tpr + sex + bmi + agc +
+ f(district, model="besag", graph.file="zambia.graph") +
+ f(distr.unstruct, model="iid")

Note that in the INLA library a sum-to-zero constraint is the default choice for
every intrinsic model. One requirement of the INLA library is that, each effect speci-
fied through an f() function in the formula should correspond to a different column
in the data file, that is why the two column district and distr.unstruct are
needed. Fitting the model is done by calling the inla() function:

> mod = inla(formula, family="gaussian", data=Zambia,
+ control.compute=list(dic=TRUE, cpo=TRUE))

The dic=TRUE flag makes the inla() function compute the model’s deviance
information criterion (DIC). This is a measure of complexity and fit introduced in [21]
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and used to compare complex hierarchical models. It is defined as:

DIC = D + pD,

where D is the posterior mean of the deviance of the model and pD is the effective
number of parameters. Smaller values of the DIC indicate a better trade-off between
complexity and fit of the model.

The cpo=TRUE flag tells the inla() function to compute also some predic-
tive measures for the observed yi given all other observations. In particular the
predictive density π(yi |y−i) (called cpo) and the probability integral transform
PITi = Prob(ynew

i < yi |y−i) (called pit) are computed. These quantities can
be useful to assess the predictive power of the model or to detect surprising obser-
vations. See [20] for details on how such quantities are computed. As noted in [12]
the simplified Laplace approximation might, in some cases, not be accurate enough
when computing predictive measures. The inla() function outputs a vector (which
can be recovered as mod$failure) which contains values from 0 to 1 for each
observation. The value 0 indicates that the computation of cpo and pit for the
corresponding observation was computed without problems. A value greater than 0
instead, indicates that there were some computing problems and the predictive mea-
sures should be recomputed. See the FAQ section on www.r-inla.org for further
interest concerning this topic.

The posterior mean for the β parameters, together with standard deviations and
quantiles are presented in Table 1. The inla() function returns the whole posterior
density for such parameters, therefore, if needed other quantities of interest can also be
computed. The posterior mean of smooth and unstructured spatial effects are displayed
in Figure 1. The output of the inla() function also includes posterior marginals
for the hyperparameters of the model and posterior marginals for the linear predictor,
which are not displayed here. The value of the DIC for MOD1 is displayed in Table 2.
To assess the predictive quality of the model the cross-validated logarithmic score [11]
can be used. It can be computed using the inla() output as:

> log.score = -mean(log(mod1$cpo))

−0.16
−0.1

−0.04
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0.08
0.15
0.21

−0.07
−0.04
−0.01
0.02
0.05
0.07
0.1

Fig. 1. Posterior mean for the smooth spatial effect (left) and posterior mean for the unstructured
spatial effect (right) in MOD1
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Table 1. Posterior mean (standard deviation) together with 2.5% and 97.5% quantiles for the
linear effect parameters in the three models for the Zambia data

Model Covariate Mean(sd) 2.5% quant 97.5% quant

μ −0.010(0.100) −0.207 0.187

MOD1 βagc −0.015(0.001) −0.017 −0.013
βedu1 −0.061(0.027) −0.114 −0.009

βedu2 0.227(0.047) 0.134 0.320
βt pr 0.113(0.021) 0.072 0.155

βsex −0.059(0.013) −0.086 −0.033
βbmi 0.023(0.004) 0.014 0.031

μ −0.412(0.096) −0.602 −0.223

MOD2 βedu1 −0.060(0.026) −0.111 −0.009
βedu2 0.234(0.046) 0.145 0.324

βt pr 0.105(0.021) 0.064 0.145
βsex −0.058(0.013) −0.084 −0.033

βbmi 0.021(0.004) 0.013 0.029

μ −0.366(0.096) −0.556 −0.178

MOD3 βedu1 −0.061(0.026) −0.112 −0.010
βedu2 0.232(0.046) 0.142 0.321

βt pr 0.107(0.023) 0.062 0.152
βsex −0.059(0.013) −0.084 −0.033

Table 2. DIC value and logarithmic score for the three model in the Zambia example

MOD1 MOD2 MOD3

Mean of the deviance 13030.66 12679.90 12672.22
Deviance of the mean 12991.61 12630.89 12610.68

Effective number of parameters 39.04 49.01 61.53
DIC 13069.71 12728.92 12733.76

log Score 1.357 1.313 1.314

The resulting value is displayed in Table 2. A smaller value of the logarithmic
score indicates a better prediction quality of the model. The mod$failure vector,
in this case, contains only 0’s so predictive quantities can be used without problems.
A tool to assess the calibration of the model is to check the pit histogram. As
suggested in [6], in fact, in a well calibrated model, the pit values should have a
uniform distribution. For MOD1 the pit histogram (not shown here but available on
www.r-inla.org) doesn’t show any sign of wrong calibration.

As discussed in Section 3 the default integration strategy in the inla() func-
tion is the CCD strategy. It is possible to choose a GRID strategy instead using the
following call to inla():

> mod = inla(formula, family="gaussian", data=Zambia,
+ control.inla = list(int.strategy = "grid"))
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The computational time increases from ca 9 seconds needed by the CCD integra-
tion to ca 16 seconds, while a comparison of the results coming from the two fits (not
shown here) does not present any significant difference.

As discussed in [14] there are strong reasons to believe that the effect of the age
of the child is smooth but not linear. To check such an assumption we can modify the
previous model to:

ηi = μ+ zT
i β + f1(agei )+ fs (si )+ fu (si ). (6)

This extended model will be called MOD2. Here { f1(·)} follows an intrinsic second-
order random-walk model with unknown precision τ1, see [18]. To ensure identifi-
ability of μ, a sum-to-zero constraint must be imposed on f1(·). The latent field is
then x = {μ, {βk }, { fs (·)}, { fu (·)}, { f1(·)}, {ηi }} while the hyperparameter vector is
θ = {τz, τu , τs, τ1}. The INLA specification of MOD2 differs form the previous one
simply because now an f() function is used also to define the smooth effect of age.

>formula = hazstd ˜ edu1 + edu2 + tpr + sex + bmi +
+ f(agc, model="rw2") +
+ f(district, model="besag", graph.file="zambia.graph") +
+ f(distr.unstruct, model="iid")

The call to theinla() function is not changed. The estimated posterior mean and
quantiles of the non-linear effect of age is plotted in Figure 2(a) and the non-linearity
of the age effect is clear. The improvement obtained by using a more flexible model
for the effect of the age covariate can be seen also from the decreased value of the
DIC in Table 2. This second model results also to be more powerful as a prediction
tool, as indicated by the decreased value of the logarithmic score in Table 2. Also
for this model the predictive quantities are computed without problems and the pit
distribution is close to uniform. The estimates of the other parameters in the model
are reported in Table 1, the estimated spatial effects are similar to that in MOD1 and
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Fig. 2. (a) Estimated effect of age (posterior mean together with 2.5% and 97.5% quantiles)
using MOD2; (b) Posterior mean for the space-varying regression coefficient in MOD3



110 S. Martino and H. Rue

are not reported here. Results are similar to those obtained using BayesX, a program
which performs a MCMC study [13].

As an alternative hypothesis to explain spatial variability one could imagine that
the effect of one covariate, for example the mother’s bmi, although being linear has
a different slope for different regions. Again we assume this spatial variability to be
smooth. These kinds of models are known as space-varying regression models [10].
Using the notation in equation (2) the model (MOD3) can be written as:

ηi = μ+ zT
i β + f1(agei )+ bmii f2(si ). (7)

We assume here that the whole spatial variability is explained by the space varying
regression parameter so that no other spatial effect is needed. Moreover, we assume
the age covariate to have a non-linear effect. The model for f1(·) is as in MOD2 while
for f2(·) we assume a "besag" model, this time the sum-to-zero constraint is not
necessary since there are no identifiability problems. Here the bmi covariate simply
acts as a known weight for the IGMRF f2(·). The INLA specification of the model
is as follows:

>formula = hazstd ˜ edu1 + edu2 + tpr + sex +
+ f(agc, model="rw2") +
+ f(district, bmi, model="besag",
+ graph.file="zambia.graph",
+ constr=FALSE)

The order of district and bmi in the second of the f() functions of the for-
mula above is important since arguments are matched by position: the first argument
is always the latent field and the second is always the weights. Note, moreover, that
the sum-to-zero constraint has to be explicitly removed since, as said before, is de-
fault for all intrinsic models. The resulting estimates for the space varying regression
parameter are displayed in Figure 2(b).

The computing time (using the default CCD strategy) goes from a minimum of 9
seconds for MOD1 to a maximum of 14 seconds for MOD2.

5.3 A simple example of survival data analysis

Our last example comes from survival analysis literature. A typical setting in survival
analysis is that we observe the time point t at which the death of a patient occurs.
Patients may leave the study (for some reason) before they die. In this case the survival
time is said to be right censored, and t refers to the time point when the patient
left the study. The indicator variable δ is used to indicate whether t refers to the
death of the patient (δ = 1) or to a censoring event (δ = 0). The key quantity in
modeling the probability distribution of t is the hazard function h(t), which measures
the instantaneous death rate at time t . We also define the cumulative hazard function
H (t) = ∫ t

0 h(s)ds, implicitly assuming that the study started at time t = 0. A different
starting time can also be considered and it is usually referred to as truncation time.
The log-likelihood contribution from one patient is δ log(h(t))− H (t). A commonly
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used model for h(t) is Cox’s proportional hazard model [4], in which the hazard rate
for the ith patient is assumed to be in the form

hi (t) = h0(t) exp(ηi ), i = 1, . . . , n.

Here, h0(t) is the “baseline” hazard function (common to all patients) and ηi is a
linear predictor. In this example we shall assume that the baseline hazard belongs to
the Weibull family: h0(t) = αtα−1 for α > 0.

In [17] this model is used to analyse a data set on times to kidney infection for a
set of nd = 38 patients. The data set contains two observations per patient (the time to
first and second recurrence of infection). In addition there are three covariates: “age”
(continuous), “sex” (dichotomous) and “type of disease” (categorical, four levels), and
an individual specific random effect (vn: ID), often named frailty: ui ∼ N(0, τ−1).
Thus, the linear predictor becomes

ηi = β0 + βsex sexi + βageagei + βDxi + ui , (8)

where βD = (β2, β3, β4) and xi is a dummy vector coding for the disease type. Here
we used a corner-point constraint imposing β1 = 0.

Fitting a survival model using INLA is done using the following commands:

>formula = inla.surv(time,event) ˜ age + sex + dis2 + dis3 +
+ dis4 + f(ID, model="iid")
>mod = inla(formula, family="weibull", data=Kidney)

Note that the function inla.surv() is needed to define the response variable
of a survival model. This function is used to define different censoring schemes such
as right, left or interval censoring plus, possibly, truncation times. Including more
complex effects in model (8) such as, for example, smooth effects of covariates or
spatial effects can be done in exactly the same way as for the previous examples.
Posterior means and standard deviations, together with quantiles, for the model pa-
rameters are shown in Table 3 and are similar to those obtained by Gibbs sampling via
WinBUGS and by maximum likelihood. Fitting the model took less than 2 seconds.

Table 3. Posterior mean, standard deviation and quantiles for the parameters in the survival
data example

mean sd 2.5% quant 97.5% quant

β0 −4.809 0.954 −6.77 −3.103

βage 0.003 0.016 −0.028 0.036
βsex −2.071 0.535 −3.180 −1.076

β2 0.155 0.591 −1.007 1.346
β3 0.679 0.595 −0.467 1.900

β4 −1.096 0.863 −2.813 0.611
α 1.243 0.151 0.970 1.560

τ 2.365 1.647 0.586 6.976
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Fig. 3. Estimate of the posterior marginals for θ basic estimation (solid line) and improved one
(dashed line). Left: posterior marginals for α. Right: posterior marginal for τ

The inla() function computes the posterior marginals for the hyperparameters
θ = (α, τ ) using only a few points in the θ space (CCD strategy). As noted in Section 3
this might be not accurate enough. The function inla.hyperpar(), which takes
as input the output of inla(), recomputes the marginals for the hyperparameters in
a more accurate way, using a grid integration:

> hyperpar = inla.hyperpar(mod)

In cases where the dimension m of θ is large, computing posterior marginals
using inla.hyperpar() can be time consuming. In this case, being m = 2,
recomputing marginals for θ took less than 3 seconds. Figure 3 shows the two ap-
proximations for the hyperparameters in model 8. For the current example there is no
particular improvement from using the more accurate approximation computed by
inla.hyperpar().

The INLA library can also deal with exponential models for the baseline function
h0(t). Semiparametric models for h0(t) such as the piecewise log-constant are, at the
moment, under study.

6 Conclusions

As shown in this paper INLA is a powerful inferential tool for latent Gaussian models.
The computational core of the inla programme treats any kind of latent field in the
same way thus behaving as a black-box. The availableR interfaceINLA, can easily be
handled by the user to obtain fast and reliable estimates. The large series of different
options both for the approximations of the posterior marginals of the latent field, and
for the exploration of the hyperparameter space may generate confusion in the novice
user. On the other hand, the default choices in the INLA library, usually offer a good
starting point for the analysis.
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The INLA library computes also quantities useful for model comparison, a feature
that becomes important when the computational speed gives the possibility to fit
several models to the same data set.

The INLA library contains also functions to process the posterior marginals ob-
tained by the inla() function, so that it is possible to compute quantiles, percentiles
or expectations of functions of the original random variable. Sampling from such pos-
terior marginals is also possible.
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A graphical models approach for comparing gene sets

M. Sofia Massa, Monica Chiogna and Chiara Romualdi

Abstract. Recently, a great effort in microarray data analysis has been directed towards the
study of the so-called gene sets. A gene set is defined by genes that are, somehow, function-
ally related. For example, genes appearing in a known biological pathway naturally define a
gene set. Gene sets are usually identified from a priori biological knowledge. Nowadays, many
bioinformatics resources store such kind of knowledge (see, for example, the Kyoto Encyclo-
pedia of Genes and Genomes, among others). In this paper we exploit a multivariate approach,
based on graphical models, to deal with gene sets defined by pathways. Given a sample of
microarray data corresponding to two experimental conditions and a pathway linking some of
the genes, we investigate whether the strength of the relations induced by the functional links
change among the two experimental conditions.

Key words: Gaussian graphical models, gene sets, microarray, pathway

1 Introduction

Microarray technology permits the simultaneous quantification of the expression of
thousands of genes in a single experiment. Since the advent of this technology, the
primary interest has been directed towards the identification ofdifferentially expressed
genes.

Many statistical tests, centred on the null hypothesis of equal expression of a
gene between two (or more) experimental conditions, have been proposed in past
years; see for example [11] for an extensive review. On sets of genes, the so-called
significance analyses typically assess the level of significance for a gene at a time,
producing then a list of differentially expressed genes by using a cutoff threshold on
the levels of significance. This list is then investigated from a biological point of view,
to assess the enrichment of specific biological themes in the list [8]. This is achieved
through biologically defined gene sets derived from Gene Ontology (available at
http://www.geneontology.org) or by means of some pathway databases.
Many authors pointed out a series of drawbacks of this approach. A major drawback is
related to the use of a threshold for the identification of differentially expressed genes,
and, therefore, gene sets. For example, [9] show that different choices of threshold
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highly affect the biological conclusions of the study. Secondly, the use of a strict cut-
off value can limit the output of the analysis. [3] show that the strict cutoff value does
not permit consideration of many genes with moderate, but meaningful expression
changes, and this reduces the statistical power for the identification of true positives.
Finally, such approaches are all based on the incorrect assumption of independent
gene sampling, which, of course, increases false positive predictions.

In recent years, interest has moved from the study of individual genes to that
of groups of genes (for example, pathways) and methods for gene set analysis have
received great attention. The aim, in this case, is to identify groups of genes with mod-
erate, but coordinated expression changes, which should enable the understanding of
cellular processes such as regulatory networks of functionally related components.
Such approaches directly score pre-defined gene sets for differential expression, and,
therefore, are free from the problems of the cutoff-based methods. Several gene set
analysis methods have recently been developed both in the univariate and multivariate
context; see [1], and references therein, for a comprehensive review on existing meth-
ods. Usually, two kinds of null hypothesis exist for testing the coordinated association
of gene sets with a phenotype of interest. The first type, called competitive, assumes the
same level of association of a gene set with the given phenotype as the complement of
the gene set. The second type, called self-contained, considers only the genes within a
gene set and assumes that there is no gene in the gene set associated with the phenotype.

In this study, we will focus on gene set analysis within a multivariate approach
based on graphical models. The graphical structure of a pathway will be used to de-
velop a test to compare two experimental conditions of interest. The paper is organised
as follows. In Section 2 we give a brief introduction to the structure of pathways. Sec-
tion 3 presents the data and our graphical models approach in detail. Section 4 proposes
a test in this specific context, and Section 5 gives some results and final remarks.

2 A brief introduction to pathways

Even if there is not a precise definition, a biological pathway can be described as a
set of linked biological components interacting with each other over time to generate
a single biological effect. Participants in one pathway can be involved also in others,
leading to dependent pathways. The Kyoto Encyclopedia of Genes and Genomes
(KEGG, available at http://www.genome.jp/kegg/, [5]) is one of the most
widely used pathways database, with more than a hundred pathways and more than
fifty available signaling pathways. Figure 1 represents one of such pathways, the B
Cell receptor signaling pathway. As one can see, it is composed by edges and nodes,
which have the following meanings. Usually, rectangles are gene products, mostly
proteins, but including RNA. For example, the rectangle referring to CaN contains
the genes: CHP, PPP3CA, PPP3CB, PPP3CC, PPP3R1, CHP2. The edges between
rectangles are protein-protein or protein/RNA interactions and they can be:

• undirected, to represent binding or association;
• directed, to represent activation;
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• directed with a +p, to represent phosporylation;
• directed with a −p, to represent dephosporylation;
• dashed and directed, to represent indirect effects;
• directed with a bar at the end, to represent inhibition.

Circles are other types of molecules, mostly chemical compounds, while the big white
rectangles represent the link to other pathways.

Fig. 1. B Cell receptor signaling pathway taken from the Kyoto Encyclopedia of Genes and
Genomes (KEGG) [5]

The increasing number of scientific results on specific aspects of cellular processes
makes pathway topology a dynamic entity. A pathway should be updated monthly on
the basis of the most recent scientific findings. Although KEGG database represents a
valid and exhaustive repository of biological pathways for several organisms, some-
times pathway topologies are largely simplified and rarely updated. For this reason,
collaborative projects were born recently in order to create groups of experts that man-
ually care for each single pathway. One of the results of these collaborative projects
is the creation of an open platform, called WikiPathways [10], where pathways are
extremely detailed and can also be edited. The use of both KEGG and WikiPathways
information (available at http://www.wikipathways.org) provides a good
compromise between graph simplicity and structure accuracy.



118 M.S. Massa, M. Chiogna and C. Romualdi

3 Data and graphical models setup

In this study, we use a dataset recently published by [4], which characterises gene ex-
pression signatures in acute lymphocytic leukemia (ALL) cells associated with known
genotypic abnormalities in adult patients. Several distinct genetic mechanisms lead to
acute lymphocytic leukemia (ALL) malignant transformations deriving from distinct
lymphoid precursor cells that have been committed to either T-lineage or B-lineage
differentiation. Chromosome translocations and molecular rearrangements are com-
mon events in B-lineage ALL and reflect distinct mechanisms of transformation. The
relative frequencies of specific molecular rearrangements differ in children and adults
with B-lineage ALL. The B Cell Receptor (BCR/ABL) gene rearrangement occurs
in about 25% of cases in adult ALL, and much less frequently in pediatric ALL.
Because these cytogenetic abnormalities reflect distinct mechanisms of transforma-
tion, molecular differences between these two types of rearrangements could help to
explain why children and adults with ALL have such different outcomes following
conventional therapy.

Data are freely available at the Bioconductor website. Expression values, appro-
priately normalised and filtered, derived from Affymetrix single channel technol-
ogy, consist of 37 observations from one experimental condition (BCR; presence of
BCR/ABL gene rearrangement) and 41 observations from another experimental con-
dition (NEG; absence of rearrangement) and the aim is to study the two experimental
conditions for the presence or absence of rearrangement. As we can see, the gene BCR
is central in this study, because it is the only one involved in the process of rearrange-
ment. For this reason, we decide to focus on the B cell receptor signaling pathway
(represented in Figure 1) which has the gene BCR as input. If there is a modification
of this gene, we expect that also the genes belonging to the connected pathway will be
highly influenced from the BCR/ABL gene rearrangement. For simplicity, instead of
considering the whole pathway, we choose a subset of it containing only 13 gene prod-
ucts. In the following, we will refer to the chosen subset as to the pathway of interest.

The study of the behaviour of the pathway in the two experimental conditions will
be pursued in a graphical models context. We believe that this approach, which is still
largely unexplored, goes in a direction which can valuably complement approaches
more extensively offered by the current literature. We are not interested in detecting
the structure of the pathway, because we consider it as fixed from the very beginning.
Our aim is to use a statistical test to compare the strength of the links of the pathway
in the two experimental conditions. Therefore, we assume also that the structure of
the pathway does not change between the two conditions.

To begin with, we convert the structure of the pathway into a simple directed
acyclic graph (DAG), by following these simple steps: if in one rectangle (complex)
there are multiple genes, we consider only one of them as representative; since the
edges with a bar at the end represent inhibition, we interpret them as arrows, and the
arrows with +p and −p are considered as simple arrows. Then, we use WikiPathways
to derive the orientation of all undirected edges. With this extra information, it is
always possible to convert pathways into DAGs, checking always for the absence of
direct cycles.
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Fig. 2. DAG D corresponding to 13 proteins of the B cell receptor signaling pathway

The DAG D corresponding to the B cell receptor signaling pathway is shown
in Figure 2. Starting from D, we derive its moral graph Dm (Figure 3). A moral
graph can differ from the corresponding DAG, in the sense that it usually has more
edges and that they are all undirected, but the choice of working with a moral graph
does not affect the purpose of this study. From now on, we base our analyses on the
undirected graph Dm that we indicate as G. We assume to model the data from the
two experimental conditions (BCR and NEG) with two graphical Gaussian models
([6]) with the same undirected graph G,

M1(G) = {Y ∼ N13(0, �1), �
−1
1 ∈ S+(G)} and

M2(G) = {Y ∼ N13(0, �2), �
−1
2 ∈ S+(G)},

respectively, where S+(G) is the set of symmetric positive definite matrices with null
elements corresponding to the missing edges of G.

As we said before, we are interested in comparing the strength of the links in the
two experimental conditions. In a graphical Gaussian models context this is simply
achieved by comparing the two concentration matrices (inverse of the covariance
matrices), because they contain all the information about the underlying structure.
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Fig. 3. Moral graph Dm corresponding to 13 proteins of the B cell receptor signaling pathway
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Therefore, the interest is in testing the hypothesis �−1
1 = �−1

2 and this will be the
topic of the next section.

4 Test of equality of two concentration matrices

Assuming that gene expression data on two experimental conditions come from two
multivariate normal distributions (relative or absolute gene expression measurements
are approximately normal on the logscale) according to the common undirected graph
G, we aim to verify the equality of the concentration matrices of the two graphical
Gaussian models. The following methodology is the transposition of the methods for
comparing covariance matrices [2] in the specific case of graphical Gaussian models.

Suppose we have y1 = (y j
1 ), j = 1, · · · , n1 observations from Np(0, �1) and

y2 = (y j
2 ), j = 1, · · · , n2 observations from Np(0, �2), �

−1
1 = K1 and �−1

2 = K2
with K1, K2 ∈ S+(G).
We want to test the hypothesis

H0 : K1 = K2 against H1 : K1 
= K2.

If we set Wi = ∑ni
j=1(y

j
i )(y

j
i )

T , i = 1, 2, the likelihood function, L(K1, K2), is

L(K1, K2) =
2∏

i=1

(2π)−
ni p

2 (det Ki)
ni
2 e− 1

2 tr(Ki Wi ),

and each block of it may be maximised separately [2]. In more detail, the estimates K̂1
and K̂2 are computed by direct calculation (if the graph is decomposable) or, in gen-
eral, by using the Iterative Proportional Scaling algorithm [6]. Under the alternative
hypothesis, the algorithm uses the sample covariance matrices

S1 = (n1 − 1)−1 · W1 and S2 = (n2 − 1)−1 · W2,

and computes �̂1 and �̂2. Under the null hypothesis, it uses the pooled covariance
matrix

S = (n1 + n2 − 2)−1{(n1 − 1)S1 + (n2 − 1)S2},
and computes only �̂ that is the common value of K1 and K2.

Furthermore K̂1 = (�̂1)
−1, K̂2 = (�̂2)

−1, K̂ = (�̂)−1. The likelihood
ratio test, �, is

� = L H0(K̂1, K̂2)

L H1(K̂1, K̂2)
= L H0(K̂ )

L H1(K̂1, K̂2)
.

If we let W = W1 + W2, and exploit the fact that tr(K̂i Wi ) = ni tr(K̂i K̂−1
i ) = ni p

and tr(K̂ W ) = (n1 + n2)tr(K̂ K̂ −1) = (n1 + n2)p [6], we have

� =
2∏

i=1

(
det K̂

det K̂i

) ni
2

, and − 2 log� =
2∑

i=1

ni log

(
det K̂i

det K̂

)
.

The asymptotic distribution of −2 log� is χ2
r+p where r is the number of edges of G.



A graphical models approach for comparing gene sets 121

5 Conclusions

If we perform the above test with the data described in Section 3 with n1 = 37,
n2 = 41, p = 13, opportunely scaled to have a mean equal to zero, the null hypothesis
is rejected. Indeed, this result confirms that patients with BCR rearrangement show a
significant deregulation of the entire pathway centred on the BCR gene products with
respect to those without rearrangement.

It is also of interest to check where the two concentration matrices are different.
Since the graph is decomposable, we decompose it into its cliques and repeat the
previous test for each clique. Note that, in this way, we compare the cliques only
marginally. Since the cliques are complete subgraphs, we can directly test the equality
of the covariance matrices on the cliques and therefore do not need the test of Section 4.
One can directly followthe well-known theory for comparing covariance matrices [2].
Also, the nine tests to be performed are corrected according to Bonferroni’s method.
The cliques that behave differently between the two experimental conditions are
(CD22, CD72), (PCLG2, BLNK), (CaN, NFAT), (SHP1, LYN, SYK, BTK), (SYK,
BTK, BLNK, PCLG2).

These results suggest that signaling pathway deregulation starts at CD22 and
ends at NFAT, thus underlying the importance of the way out of the pathway given by
(CaN, NFAT), that is to say the calcineurin/NFAT signaling pathway. Deregulation
of calcineurin/NFAT signaling and/or abnormal expression of its components have
recently been reported in solid tumours of epithelial origin, lymphoma and lymphoid
leukemia [7], thus validating our approach.
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Predictive densities and prediction limits based on
predictive likelihoods

Paolo Vidoni

Abstract. The notion of predictive likelihood stems from the fact that in the prediction problem
there are two unknown quantities to deal with: the future observation and the model parameter.
Since, according to the likelihood principle, all the evidence is contained in the joint likeli-
hood function, a predictive likelihood for the future observation is obtained by eliminating the
nuisance quantity, namely the unknown model parameter. This paper focuses on the profile
predictive likelihood and on some modified versions obtained by mimicking the solutions pro-
posed to improve the profile (parametric) likelihood. These predictive likelihoods are evaluated
by studying how well they generate prediction intervals. In particular, we find that, at least in
some specific applications, these solution usually improve on those ones based on the plug-in
procedure.However, the associated predictive densities and prediction limits do not correspond
to the optimal frequentist solutions already described in the literature.

Key words: asymptotic expansion, likelihood, prediction interval, predictive distribution

1 Introduction

This paper investigates properties of prediction procedures based on likelihood. In
particular, the goodness of a predictive likelihood is studied by considering the as-
sociated predictive densities and prediction intervals, which are evaluated from the
frequentist perspective.

Although a preliminary idea of predictive likelihood appears in a paper by R.A.
Fisher, the first two contributions on this concept are [12] and [11], where the term
predictive likelihood is explicitly introduced. Other papers include [7–9, 14–16]. In-
deed, [5] provides a valuable and complete review on a number of predictive likeli-
hoods, while [6] presents philosophical reasons for employing predictive likelihoods,
in accordance with a general version of the likelihood principle. This paper focuses on
the profile predictive likelihood and some modified versions obtained by approximat-
ing a Bayesian predictive density or by mimicking the solutions proposed to improve
the profile (parametric) likelihood.

The predictive likelihoods are evaluated by studying how well they generate pre-
dictive densities and prediction intervals. More precisely, we normalise the predictive
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likelihoods to be predictive densities and we obtain an explicit expression for the
associated quantiles, which define the so-called prediction limits. These predictive
densities and prediction limits correspond to modifications of those obtained using
the plug-in procedure.

Evaluation of predictive likelihoods on the grounds of frequentist coverage prob-
abilities of the associated prediction limits, emphasises that these solutions do not
necessarily improve on those of the plug-in procedure, as far as the order of the
coverage error is considered. In [10] an analogous result is obtained with regard to
a particular predictive likelihood, similar to that proposed in [9]. In spite of these
theoretical findings concerning high order coverage accuracy, we find that, at least
in some specific applications, these solutions usually improve on those based on the
plug-in procedure. This fact is also confirmed by some theoretical and empirical
results related to prediction within the Gaussian model.

The paper is organises as follows. Section 2 provides a quick review on the plug-in
and improved (namely with coverage error reduced to the required order) prediction
intervals and on the above mentioned solutions based on predictive likelihood meth-
ods. Section 3 presents predictive densities and prediction limits related to these
predictive likelihoods, with the associated coverage probabilities. Finally, Section 4
gives examples, with simulation experiments, involving various models related to the
Gaussian distribution.

2 Review on predictive methods

Prediction is studied from the frequentist viewpoint and the aim here is to define
prediction intervals with coverage probability close to the target nominal value. In
particular, we will consider prediction limits, that is quantiles from a predictive dis-
tribution, obtained using both the plug-in procedure, and related improvements, and
the notion of predictive likelihood.

Let (Y, Z ) be a continuous random vector following a joint density p(y, z; θ),
with θ ∈ 
 an unknown d-dimensional parameter; Y = (Y1, . . . , Yn) is observable,
while Z denotes a future, or yet unobserved, random variable. For ease of exposition
we consider Y = (Y1, . . . , Yn) as a sample of independent, identically distributed,
random variables each with density f (·; θ) and Z is treated as an independent future
random variable with density g(·; θ), possibly different from f (·; θ). The distribution
function of Z is G(·; θ). We also assume that f (·; θ) and g(·; θ) are sufficiently
smooth functions of the parameter θ . An α-prediction interval for Z or, in particular,
an α-prediction limit cα(y) is such that, exactly or approximately,

PY,Z{Z ≤ cα(Y ); θ} = α, (1)

for all θ , where α ∈ (0, 1) is fixed. The above probability, called coverage probabil-
ity, refers to the joint distribution of (Y, Z ). If there exists an exact or approximate
ancillary statistic, it could be reasonable, according to the conditionality principle for
inference on θ , to consider the coverage probability conditional on the ancillary. For
the conditional approach see, for example, [4].
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If θ were known to be equal to θ0, it is natural to consider a predictive distri-
bution with density g(z; θ0) and distribution function G(z; θ0). The corresponding
α-quantile zα(θ0), specified as the solution to G{zα(θ0); θ0} = α, satisfies (1) exactly.
When θ is unknown, there are some special cases where there is an exact solution
to (1), but this usually relies on the existence of a suitable pivotal function, that is a
function of Y and Z whose distribution is free of θ . However, since this is the excep-
tion rather than the rule, we look for approximate solutions and, in particular, we aim
at introducing a predictive distribution such that the corresponding α-quantiles fulfill
(1) almost exactly, for each α ∈ (0, 1).

2.1 Plug-in predictive procedures and improvements

The plug-in, or estimative, approach to prediction consists of estimating θ0 with a
suitable estimator, usually the maximum likelihoodestimator based on Y , namely θ̂ =
θ̂ (Y ), and using G(z; θ̂ ) and g(z; θ̂ ) as predictive distribution and density functions,
respectively. The corresponding α-quantile, zα(̂θ), is called plug-in or estimative
prediction limit. It is well-known that its coverage probability differs from α by a
term usually of order O(n−1) and prediction statements may be rather inaccurate
for a small n. In fact, this naive solution underestimates the additional uncertainty
introduced by assuming θ = θ̂ .

By means of asymptotic calculations, [4] and [17] obtain an explicit expression for
the O(n−1) coverage error term. Since the coverage probability of a given prediction
limit cα(Y ) may be rewritten as PY,Z {Z ≤ cα(Y ); θ0} = EY {G(cα(Y ); θ0)}, where
the expectation is under the true distribution of Y , they prove that

PY,Z {Z ≤ zα(̂θ ); θ0} .= α + Q(zα(θ
0); θ0). (2)

Here

Q(z; θ0) = −br (θ
0)Gr (z; θ0)− (1/2) irs (θ0)Grs (z; θ0)

+ irs (θ0)Gr (z; θ0)�s (θ
0; z), (3)

where br (θ
0) is the O(n−1) bias term of r-th component of the maximum likelihood

estimator θ̂ , while irs (θ0), r, s = 1, . . . , d , is the (r, s)-element of the inverse of the
expected information matrix based on Y . Gr (z; θ0) and Grs (z; θ0), r, s = 1, . . . , d ,
are the first and the second partial derivatives of G(z; θ) with respect to the corre-
sponding components of vector θ , evaluated at θ = θ0, and �r (θ

0; z), r = 1, . . . , d , is
∂�(θ ; z)/∂θr , evaluated at θ = θ0, where �(θ ; z) = log g(z; θ). Hereafter, we use in-
dex notation and the Einstein summation convention, so that summation is implicitly
understood if an index occurs more than once in a summand. Indeed,βr , r = 1, . . . , d ,
defines the r-th element of a d-dimensional vector β and the symbol

.= indicates that
the equality holds up to terms of order O(n−1) or Op(n−1), depending on the context.

It is quite easy to define a prediction limit, specified as a modification of the plug-
in limit, so that the O(n−1) error term in (2) disappears. This improved prediction
limit is

z†
α(Y ) = zα(̂θ )− Q(zα(̂θ); θ̂ )

g(zα(̂θ); θ̂ ) ,
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which is, up to terms of order O(n−1), the α-quantile of a predictive distribution with

g†(z; Y ) = g(z; θ̂ )
{

1 + ∂Q(z; θ̂ )/∂z

g(z; θ̂ )
}
,

G†(z; Y ) = G(z; θ̂ )+ Q(z; θ̂ ),
as the associated density and distribution functions, respectively. Note that both
G†(z; Y ) and g†(z; Y ) are modifications of plug-in quantities as well.

Recently, [18] has defined a useful, simplified form for the predictive distribution
function giving the improved prediction limit z†

α(Y ). Alternative procedures for im-
proving the plug-in prediction limit are proposed in [10] and [13]. The first involves a
suitable simulation-based bootstrap calibration procedure, while the second is found
on approximate pivotal quantities.

2.2 Profile predictive likelihood and modifications

A natural formulation of the likelihood principle for prediction state that all evidence
about the unknown quantities z and θ is contained in the joint likelihood function
L(z, θ ; y) = p(y, z; θ). Consequently, a predictive likelihood for z is a function
obtained by eliminating the nuisance parameter θ from L(z, θ ; y). Here, we do not
present all the different notions of predictive likelihood but we concentrate on those
obtained using maximisation and, in particular, we will consider the profile predictive
likelihood and some modified versions.

The profile predictive likelihood (see [16]) is the predictive analogue of the (para-
metric) profile likelihood for an interest parameter, when nuisance parameters are
present. It is defined as

L p(z; y) = p(y, z; θ̂z) = g(z; θ̂z)p(y; θ̂z ), (4)

with p(y; θ̂z) = ∏n
i=1 f (yi ; θ̂z). This differs from the plug-in approach outlined in

Section 2.1 in that the unknown parameter is substituted by the constrained maximum
likelihood estimator θ̂z = θ̂z(Y, z), specified as the value of θ that maximises the joint
likelihood L(z, θ ; Y ). Although simple and, in some sense appealing, this notion
suffers from the same drawbacks as the plug-in solution, since it does not adequately
account for the uncertainty in θ , while doing predictive inference on z.

Alternative predictive likelihoods, specified as modifications of L p(z; y), were
suggested in [9] and [8]. In particular, Davison’s proposal corresponds to an approxi-
mation, based on Laplace’s integral formula, to the Bayesian predictive density when
the contribution of the prior information is weak or flat priors are in fact considered.
Thus, whenever terms related to the prior distribution are omitted in the approxima-
tion, we obtain Davison’s predictive likelihood

Ld(z; y) = L p(z; y)
| J (̂θ) |1/2

p(y; θ̂ ) | J z (̂θz) |1/2
∝ L p(z; y) | J z (̂θz) |−1/2, (5)

where | M | denotes the determinant of matrix M . Indeed, J (̂θ ) is the observed
information matrix, computed from the log-likelihood �(θ ; y) = log p(y; θ) and
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evaluated at θ = θ̂ , with (r, s)-element jrs(θ) = −∂2�(θ ; y)/∂θr ∂θs , r, s = 1, . . . , d ,
and J z (̂θz) is the observed information matrix, computed from the joint log-likelihood
�(θ ; y, z) = log p(y, z; θ) and evaluated at θ = θ̂z , with (r, s)-element j z

rs(θ) =
−∂2�(θ ; y, z)/∂θr ∂θs , r, s = 1, . . . , d .

Instead, the solution proposed in [8] is the predictive analogue of the modified
profile likelihood introduced by [1] in parametric inference. It is called modified
profile predictive likelihood and it is given by

Lm(z; y) = L p(z; y) | J z (̂θz) |−1/2|| ∂θ̂/∂θ̂z ||, (6)

where || M || denotes the absolute value of the determinant of matrix M and ∂θ̂/∂θ̂z

is the matrix of partial derivatives with (r, s)-element ∂θ̂r/∂θ̂z,s , r, s = 1, . . . , d .
Function Lm(z; y) is obtained as an approximation of the conditional density of Z
given θ̂z , assuming that the transformation (z, θ̂) → (z, θ̂z) is one-to-one.

It is known that both L p(z; y) and Lm(z; y) are invariant under a one-to-one
reparametrisation of the model, while Ld(z; y) is not parameter invariant in gen-
eral. Indeed, Lm(z; y) cannot be considered when θ̂ is not a function of (z, θ̂z), as,
for example, when Y1, . . . , Yn, Z follows a uniform distribution on [0, θ]. Besides
considering these relevant features, we aim to compare plug-in and likelihood based
predictive solutions by analysing the coverage properties of the prediction intervals
they generate.

3 Likelihood-based predictive distributions and prediction limits

One important use of predictive likelihoods is for constructing prediction limits. Fur-
thermore, the evaluation of their coverage probabilities constitutes a way to compare
different predictive procedures. In this section, the predictive likelihoods previously
recalled are normalised to be probability distributions in z and the corresponding pre-
diction limits are explicitly derived as quantiles. Moreover, for each limit, we compute
the coverage probability.

We will show that, given a predictive likelihood L(z; y), the associated predictive
density and distribution functions are suitable modifications of those given by the
plug-in, so that

gL(z; Y )
.= g(z; θ̂){1 + SL(z; θ̂ )}

GL(z; Y )
.= G(z; θ̂ )+ RL (z; θ̂ ),

where the O(n−1) modifying terms are such that

SL(z; θ̂ ) = ∂RL (z; θ̂ )/∂z

g(z; θ̂ ) , RL(z; θ̂ ) =
∫ z

−∞
SL(t ; θ̂ )g(t ; θ̂)dt .

To the relevant order of approximation, the corresponding α-prediction limit turns
out to be

zL
α (Y )

.= zα(̂θ )− RL (zα(̂θ ); θ̂ )
g(zα(̂θ ); θ̂ ) . (7)
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Indeed, from (2), it is easy to state that the associated coverage probability is

PY,Z {Z ≤ zL
α (Y ); θ0} .= α + Q(zα(θ

0); θ0)− RL (zα(θ
0); θ0), (8)

with Q(zα(θ0); θ0) given by (3) evaluated at z = zα(θ0).

3.1 Probability distributions from predictive likelihoods

Let us assume that θ̂ and θ̂z are solutions,with respect to θ , to the associated likelihood
equations, namely, �r (θ ; Y ) = 0 and �r (θ ; Y ) + �r (θ ; z) = 0, r = 1, . . . , d , with
�r (θ ; Y ) = ∂�(θ ; Y )/∂θr . Under regularity conditions, θ̂ is a consistent estimator
of θ0, the maximiser of EY {�(θ ; Y )} with respect to θ . It may be shown (see, for
example, [9]) that for, r = 1, . . . , d ,

θ̂z,r
.= θ̂r + j rs (̂θ ) �s (̂θ ; z), (9)

where j rs (̂θ), r, s = 1, . . . , d , is the (r, s)-element of the inverse of the observed
information matrix, based on Y and evaluated at θ = θ̂ , which can be substituted by
its expected counterpart irs (̂θ ) without changing the order of approximation.

Let us consider the profile predictive likelihood defined by (4). By means of a
straightforward asymptotic expansion around θ̂z = θ̂ , we have that

L p(z; y)
.= g(z; θ̂ )p(y; θ̂ )+ (̂θz − θ̂ )r {∂L p(z; y)/∂θ̂z,r }|θ̂z=θ̂

+(1/2)(̂θz − θ̂ )rs {∂2L p(z; y)/∂θ̂z,r ∂θ̂z,s }|θ̂z=θ̂ ,

where (̂θz − θ̂ )rs = (̂θz − θ̂ )r (̂θz − θ̂ )s . Retaining only the terms of order Op(n−1)
and using relation (9), we obtain

L p(z; y)
.= g(z; θ̂ )p(y; θ̂ ){1 + (1/2)irs (̂θ ) �r (̂θ ; z)�s (̂θ ; z)}, (10)

with the expected information matrix considered instead of the observed information
matrix. Thus, neglecting terms of order op(n−1), L p(z; y) can be easily normalised
with respect to z giving

gp(z; Y )
.= g(z; θ̂)[1 + (1/2)irs (̂θ ){�r (̂θ ; z)�s (̂θ ; z)− crs (̂θ )}],

with

crs (̂θ ) =
∫ +∞

−∞
�r (̂θ ; z)�s (̂θ ; z)g(z; θ̂)dz. (11)

The associated distribution function is

G p(z; Y )
.= G(z; θ̂ )+ (1/2)irs (̂θ ){crs (̂θ ; z)− crs (̂θ)G(z; θ̂ )},

with

crs (̂θ ; z) =
∫ z

−∞
�r (̂θ ; t)�s (̂θ ; t)g(t ; θ̂)dt . (12)
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Note that crs (̂θ ; +∞) = crs (̂θ). Whenever the above integrals do not present an
explicit solution, standard numerical approximation methods are considered.

Davison’s predictive likelihood, as specified by (5), is a modification of L p(z; y).
Thus, using relations (10) and (17), we obtain

Ld(z; y)
.= g(z; θ̂ )p(y; θ̂ ) | J (̂θ ) |−1/2 [1 + (1/2)irs (̂θ ){�r (̂θ ; z)�s (̂θ ; z)

+�rs (̂θ ; z)} + (1/2)irs (̂θ)itu (̂θ )�rtu (̂θ ; y)�s (̂θ ; z)], (13)

where �rtu (̂θ ; y) is ∂3�(θ ; y)/∂θr ∂θt∂θu , r, t, u = 1, . . . , d , evaluated at θ = θ̂ .
Recalling the balance relations∫ +∞

−∞
�r (θ ; z)g(z; θ)dz = 0,∫ +∞

−∞
�r (θ ; z)�s (θ ; z)g(z; θ)dz = −

∫ +∞

−∞
�rs (θ ; z)g(z; θ)dz,

a normalised version for Ld(z; y) is readily available and it corresponds to

gd(z; Y )
.= g(z; θ̂ )[1 + (1/2)irs (̂θ ){�r (̂θ ; z)�s (̂θ ; z)+ �rs (̂θ ; z)}

+(1/2)irs (̂θ )itu (̂θ )�rtu (̂θ ; y)�s (̂θ ; z)].

The associated distribution function is

Gd(z; Y )
.= G(z; θ̂ )+ (1/2)irs (̂θ )Grs (z; θ̂ )

+(1/2)irs (̂θ )itu (̂θ )�rtu (̂θ ; y)Gs (z; θ̂ ),
where we implicitly assume that differentiation and integration may be interchanged
so that

Gr (z; θ) =
∫ z

−∞
�r (θ ; t)g(t ; θ)dt,

Grs (z; θ) =
∫ z

−∞
{�r (θ ; t)�s (θ ; t)+ �rs (θ ; t)}g(z; θ)dt .

Finally, let us consider the modified profile predictive likelihood defined by (6). Since
it is a modification of Ld(z; y), using relations (13) and (19), we state that

Lm(z; y)
.= g(z; θ̂)p(y; θ̂ ) | J (̂θ) |−1/2 [1 + (1/2)irs (̂θ ){�r (̂θ ; z)�s (̂θ ; z)

−�rs (̂θ ; z)} − (1/2)irs (̂θ )itu (̂θ ){�rtu (̂θ ; y)+ 2�rt ,u (̂θ ; y)}�s (̂θ ; z)],

with �rt ,u (̂θ ; y) given by ∂3�(θ ; θ̂ , a)/∂θr∂θt∂θ̂u , r, t, u = 1, . . . , d , evaluated at
θ = θ̂ . Here, we consider the log-likelihoodfunction in the form �(θ ; θ̂ , a) = �(θ ; y),
with (̂θ , a) a sufficient reduction of data y, a = a(y) being an exact or approximate
ancillary statistic. A normalised version for Lm(z; y) is

gm(z; Y )
.= g(z; θ̂ )[1 + (1/2)irs (̂θ){�r (̂θ ; z)�s (̂θ ; z)− �rs (̂θ ; z)− 2crs (̂θ )}

−(1/2)irs (̂θ )itu (̂θ ){�rtu (̂θ ; y)+ 2�rt ,u (̂θ ; y)}�s (̂θ ; z)],
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while the associated distribution function is

Gm(z; Y )
.= G(z; θ̂ )− (1/2)irs (̂θ )Grs (z; θ̂ )+ irs (̂θ ){crs (̂θ ; z)− crs (̂θ )G(z; θ̂ )}

−(1/2)irs (̂θ)itu (̂θ ){�rtu (̂θ ; y)+ 2�rt ,u (̂θ ; y)}Gs (z; θ̂ ),
with crs (̂θ ) and crs (̂θ ; z) given by (11) and (12).

Note that none of the distributions obtained from predictive likelihoods corre-
sponds to the improved predictive distribution outlined in Section 2.1. In particular,
all the additive modifying terms in the predictive distribution functions based on like-
lihood fail to consider both function �s (̂θ ; z) and the estimated first-order bias term
of the maximum likelihood estimator. The r-th bias term may be approximated as
br (̂θ ) = −(1/2)irs (̂θ )itu (̂θ )�r,tu (̂θ ; y), r = 1, . . . , d , where �r,tu (̂θ ; y), r, t, u =
1, . . . , d , is ∂3�(θ ; θ̂ , a)/∂θr ∂θ̂t∂θ̂u , evaluated at θ = θ̂ (see [3], Section 6.4).

3.2 Prediction limits and coverage probabilities

Using the results obtained in the previous section, it is almost immediate to specify the
prediction limits generated by L p(z; y), Ld(z; y) and Lm(z; y). As a matter of fact,
the corresponding α-prediction limits, namely z p

α(Y ), zd
α(Y ) and zm

α (Y ), are given by
equation (7) with L = p, d,m, where

Rp(zα (̂θ ); θ̂ ) = (1/2)irs (̂θ ){crs (̂θ ; z)− crs (̂θ )G(z; θ̂ )},
Rd (zα (̂θ ); θ̂ ) = (1/2){irs (̂θ )Grs (z; θ̂ )+ irs (̂θ )itu (̂θ )�rtu (̂θ ; y)Gs (z; θ̂ )}

and

Rm(zα(̂θ ); θ̂ ) = −(1/2)irs (̂θ )Grs (z; θ̂ )+ irs (̂θ ){crs (̂θ ; z)− crs (̂θ)G(z; θ̂ )}
−(1/2)irs (̂θ )itu (̂θ ){�rtu (̂θ ; y)+ 2�rt ,u (̂θ ; y)}Gs (z; θ̂ ).

Furthermore, by means of equation (8), it is possible to compute the coverage proba-
bilities of z p

α(Y ), zd
α(Y ) and zm

α (Y ), up to terms of order O(n−1). Since, Q(zα(θ0); θ0)
differs from RL (zα(̂θ ); θ̂ ), L = p, d,m, evaluated at θ̂ = θ0, we may conclude that
prediction limits based on predictive likelihoods do not present high order coverage
accuracy; their coverage probabilities differ from the target value α by terms usually
of order O(n−1).

In spite of these negative theoretical results, we find that at least in the same specific
applications, such as those presented in the following section, these prediction limits
improve on those based on the plug-in solution as well. Although the asymptotic order
is not reduced, the first-order coverage error term turns out to be uniformly smaller, as
confirmed by explicit calculations and evaluations using simulation-based procedures.

4 Examples

In this final section we present two simple applications related to the Gaussian model.
Let us assume that Y1, . . . , Yn, Z1, . . . , Zm , n ≥ 1, m ≥ 1, are independently
N(μ, σ2) distributed with θ = (μ, σ 2) unknown. Whenever m = 1, it is well-known
that the future random variable Z = Z1 is such that (Z − μ̂)/

√
σ̂2(n + 1)/(n − 1)
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follows a t -distribution with n − 1 degrees of freedom, with μ̂ and σ̂ 2 the maximum
likelihood estimators for μ and σ 2 based on Y ; here, θ̂ = (μ̂, σ̂2). Thus, in this
simple case, there is an exact solution to the prediction problem based on a pivotal
quantity. In the following two examples Z is defined, respectively, as the sum and
the maximum of the m future independent observations Z1, . . . , Zm . In these cases
it does not seem possible to define a pivotal quantity for specifying exact prediction
limits and we focus on the approximate solutions outlined in the paper.

Some useful results are now reviewed. Let φ = φ(z; μ, σ 2) and! = !(z; μ, σ 2)
be the density and the distribution function of an N(μ, σ2) distribution. Using the
properties of Hermite polynomials (see [2], Section 1.6), we have

!μ = !μ(z; μ, σ 2) = −φ,
!σ 2 = !σ 2(z; μ, σ 2) = − z − μ

2σ 2
φ,

!μμ = !μμ(z; μ, σ 2) = − z − μ

σ2
φ,

!σ 2σ 2 = !σ 2σ 2(z; μ, σ 2) = −
{
(z − μ)3

4σ 6
− 3

(z − μ)

4σ 4

}
φ,

where the subscripts μ and σ 2 indicate differentiation with respect to the corre-
sponding parameters. Indeed, the first-order bias terms of the maximum likelihood
estimators are bμ = 0 and bσ 2 = −σ 2/n and the non-null terms of the inverse of

the expected information matrix are iμμ = σ2/n and iσ
2σ 2 = 2σ4/n. Moreover,

irσ 2
(̂θ )itu (̂θ )�rtu (̂θ ; y) = 10σ̂ 2/n and irσ 2

(̂θ )itu (̂θ)�rt ,u (̂θ ; y) = −6σ̂ 2/n.

4.1 Prediction limits for the sum of future Gaussian observations

Let us consider Z = ∑m
j=1 Z j , following a N(mμ,mσ 2) distribution. Since

G(z; θ) = !(z; mμ,mσ 2) and g(z; θ) = φ(z; mμ,mσ 2), we have that Gr (z; θ) =
m!r and Grr (z; θ) = m2!rr , with r = μ, σ2 and !r , !rr defined previously.
Indeed, the constrained maximum likelihood estimator for θ is θ̂z = (μ̂z, σ̂

2
z ) with

μ̂z
.= μ̂+ (z − mμ̂)/n, σ̂ 2

z
.= σ̂ 2 + {(z − mμ̂)2 − σ̂ 2}/n

and

�μ(θ ; z) = (z − mμ)/σ 2 , �σ 2(θ ; z) = −(1/2)σ−2 + (z − mμ)2/(2mσ 4),

�μμ(θ ; z) = −m/σ 2, �σ 2σ 2(θ ; z) = (1/2σ 4)− (z − mμ)2/(mσ 6).

The plug-in predictive distribution function is easily defined as !(z; mμ̂,mσ̂ 2)
and the corresponding α-prediction limit is zα(̂θ ) = mμ̂ + √

mσ̂uα, with uα the
α-quantile of an N(0, 1) distribution. Using algebra, it is quite easy to compute the
improved predictive distribution function and those based on predictive likelihoods.
In particular, since in this case we prove that | ∂θ̂/∂θ̂z | .= 1 + (m + 1)/n, the
normalisation of Ld(z; y) and Lm(z; y) gives, to the relevant order of approximation,
the same predictive distribution. Then, we obtain
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z†
α(Y )

.= zα(̂θ )+ σ̂
√

m{u3
α + (2m + 3)uα}/(4n)

z p
α(Y )

.= zα(̂θ )+ σ̂
√

m{u3
α + (2m + 1)uα}/(4n)

zd
α(Y )

.= zm
α (Y )

.= zα(̂θ )+ σ̂
√

m{u3
α + (2m + 7)uα}/(4n).

The associate coverage probabilities do not depend on θ0 and correspond to

PY,Z{Z ≤ zα(̂θ ); θ0} .= α − {u3
α + (2m + 3)uα}φ(uα)/(4n)

PY,Z {Z ≤ z p
α(Y ); θ0} .=α − uαφ(uα)/(2n), PY,Z {Z ≤ zd

α(Y ); θ0} .=α + uαφ(uα)/n,

where φ(uα) = φ(uα; 0, 1), while for the improved prediction limit the O(n−1) er-
ror term vanishes. Note that the absolute value of the coverage error of the plug-in
prediction limit increases with m, so that its accuracy could be very misleading, as
illustrated by Figure 1. Indeed, the accuracy of z p

α(Y ) is better than that of zd
α(Y ), for

each α ∈ (0, 1). The results of a simulation study, not presented in this paper, em-
phasise that the improved prediction limit performs uniformly better than alternative
proposals. Indeed, the plug-in solution is the worst, while the profile prediction limit
is superior to Davison’s.

By means of a suitable Cornish-Fisher type expansion we obtain uα = tα −
1
4(t

3
α + tα)n−1 + o(n−1), where tα is the α-quantile of a t distribution with n − q

degrees of freedom, with q < n fixed. Using this expansion, we prove that, for m = 1,
the improved prediction limit coincides, up to terms of order O p(n−1), to the exact
solution recalled at the beginning of Section 4. Moreover, in accordance with [5], we
find that, to the relevant order of approximation, z p

α(Y ) equals the α-quantile of a
random variable X such that (X − mμ̂)/

√
mσ̂ 2{1 + (m/n)} follows a t distribution

with n degrees of freedom, while zd
α(Y ) corresponds to the α-quantile of a random

variable X such that (X − mμ̂)/
√

mσ̂ 2{1 + (m + 3)/n} follows a t distribution with
n − 3 degrees of freedom.
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Fig. 1. Absolute value of the O(n−1) coverage error term of the plug-in (solid line), profile
(dashed line) and Davison’s (dotted line) prediction limits, based on n = 20 independent
observations from a Gaussian distribution.Prediction for the sum ofm independentobservations
from the same Gaussian distribution, with (a) m = 1 and (b) m = 10
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4.2 Prediction limits for the maximum of future Gaussian observations

Let us consider Z = max{Z1, . . . , Zm}. Since G(z; θ) = !(z; μ, σ 2)m and
g(z; θ) = mφ(z; μ, σ 2)!(z; μ, σ 2)m−1, we have Gr (z; θ) = m!m−1!r and
Grr (z; θ) = m(m − 1)!m−2!2

r + m!m−1!rr , with r = μ, σ 2. Indeed, the con-
strained maximum likelihood estimators are

μ̂z
.= μ̂+ (z − μ̂)/n − (m − 1)̂σ 2φ̂/(n!̂),

σ̂ 2
z
.= σ̂ 2 + {(z − μ̂)2 − σ̂ 2}/n − (m − 1)̂σ 2(z − μ̂)φ̂/(n!̂),

with φ̂ = φ(z; μ̂, σ̂ 2), !̂ = !(z; μ̂, σ̂ 2), and

�μ(θ ; z) = (z − μ)/σ2 + (m − 1)!μ/!,

�σ 2 (θ ; z) = −(1/2)σ−2 + (z − μ)2/(2mσ 4)+ (m − 1)!σ 2/!,

�μμ(θ ; z) = −1/σ2 + (m − 1){!μμ/!− (!μ/!)
2},

�σ 2σ 2(θ ; z) = (1/2σ 4)− (z − μ)2/(mσ6)+ (m − 1){!σ 2σ 2/!− (!σ 2/!)2}.
The plug-in predictive distribution function is easily defined as !(z; μ̂, σ̂2)m and
the corresponding α-prediction limit can be alternatively specified as zα(̂θ ) = μ̂ +
σ̂uα,m , with uα,m theα1/m-quantile of an N(0, 1) distribution.With some algebra, we
compute the improved predictive distribution function and those based on predictive
likelihoods. Then, we obtain

z†
α(Y )

.= zα(̂θ )+ σ̂{u3
α,m + 5uα,m − σ̂ (m − 1)(u2

α,m + 2)φ̂(zα(̂θ ))α
−1/m}/(4n)

z p
α(Y )

.= zα(̂θ )− (1/2)h(̂θ )/{mφ̂(zα(̂θ ))α(m−1)/m},
zd
α(Y )

.= zα(̂θ )+ σ̂{u3
α,m + 9uα,m − σ̂ (m − 1)(u2

α,m + 2)φ̂(zα(̂θ ))α−1/m}/(4n)

zm
α (Y )

.= zα(̂θ )− σ̂{u3
α,m − 3uα,m − σ̂ (m − 1)(u2

α,m + 2)φ̂(zα(̂θ ))α−1/m}/(4n)

−h(̂θ )/{mφ̂(zα(̂θ ))α(m−1)/m},
where φ̂(zα (̂θ )) = φ(zα(̂θ ); μ̂, σ̂2) and h(̂θ ) = irr (̂θ ){crr (̂θ ; zα(̂θ )) − αcrr (̂θ )},
defined using (11) and (12), are computed numerically. The coverage probabilitiesare

PY,Z {Z ≤ zα(̂θ ); θ0} .= α − m[{u3
α,m + 5uα,m}φ(uα,m )α(m−1)/m

−(m − 1){u2
α,m + 2}φ(uα,m )2α(m−2)/m]/(4n)

PY,Z{Z ≤ z p
α(Y ); θ0} .= α − m[{u3

α,m + 5uα,m}φ(uα,m )α(m−1)/m

−(m − 1){u2
α,m + 2}φ(uα,m )2α(m−2)/m]/(4n)− (1/2)h(θ0)

PY,Z {Z ≤ zd
α(Y ); θ0} .= α + muα,mφ(uα,m)α

(m−1)/m/n

PY,Z {Z ≤ zm
α (Y ); θ0} .= α − m[{u3

α,m + uα,m}φ(uα,m )α(m−1)/m

−(m − 1){u2
α,m + 2}φ(uα,m )2α(m−2)/m]/(2n)− h(θ0),

where φ(uα,m) = φ(uα,m ; 0, 1), while h(θ0) is h(̂θ ) evaluated at θ̂ = θ0. We prove
that h(θ0) does not depend on θ0, so that all these coverage probabilities do not vary
with θ0. For the improved prediction limit the O(n−1) error term vanishes.
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A simple simulation experiment, which is a part of a wider study not presented
in the paper, confirms the superiority of improved and likelihood-based prediction
methods over the plug-in procedure. Independent observations of size n = 10, 25, 50
are generated from a normal model with μ = 0 and σ 2 = 1; the dimension m of
the future sample ranges from 1 to 15. The case m = 1 corresponds to a single
future normal observation. Table 1 gives estimates of the actual confidence level
for alternative α-prediction limits, with α = 0.90, 0.95; the corresponding estimated
standard errors are lower than 0.004. These simulations, based on 10,000 replications,
show that z†

α(Y ) performs uniformly better than the plug-in prediction limit and it
seems to give more stable results than those obtained using predictive likelihood
methods.

Table 1. Coverage probabilities of α-prediction limits, with α = 0.90, 0.95, based on plug-in,
improved and likelihood-based procedures. Estimates based on 10,000 simulated samples of
size n = 10, 25, 50 from an N(0, 1) distribution. Prediction for the maximum of a future
sample of size m = 1, 5, 15. Estimated standard errors lower than 0.004

n m zα(θ̂ ) z†
α (Y ) zp

α (Y ) zd
α(Y ) zm

α (Y ) zα(θ̂) z†
α(Y ) z p

α(Y ) zd
α(Y ) zm

α (Y )

α = 0.90 α = 0.95

10 1 0.867 0.898 0.889 0.912 0.912 0.915 0.947 0.939 0.957 0.957

5 0.795 0.890 0.866 0.917 0.909 0.862 0.938 0.925 0.954 0.950
15 0.739 0.884 0.845 0.917 0.893 0.812 0.933 0.913 0.953 0.941

25 1 0.888 0.901 0.897 0.909 0.909 0.938 0.949 0.946 0.955 0.955
5 0.854 0.895 0.883 0.911 0.906 0.916 0.947 0.940 0.956 0.954

15 0.832 0.895 0.875 0.912 0.900 0.894 0.945 0.932 0.958 0.948
50 1 0.889 0.897 0.895 0.902 0.902 0.942 0.947 0.946 0.952 0.952

5 0.884 0.903 0.897 0.913 0.909 0.937 0.955 0.950 0.958 0.957
15 0.870 0.902 0.891 0.913 0.905 0.927 0.949 0.944 0.956 0.952

Appendix

We derive the asymptotic expansions for | J z (̂θz) |−1/2 and | ∂θ̂/∂θ̂z |, which are
used for obtaining the results outlined in Section 3.1.

Since J z (̂θz) = J (̂θz) + K (̂θz), where K (̂θz) is a matrix, with (r, s)-element
krs (θ) = −∂2�(θ ; z)/∂θr ∂θs , r, s = 1, . . . , d , computed at θ = θ̂z, using standard
matrix calculation rules, we have that

| J z (̂θz) |−1/2=| J (̂θz) |−1/2| Id + J (̂θz)
−1 K (̂θz) |−1/2, (14)

where Id is the identity matrix. Let us consider the following stochastic Taylor ex-
pansions around θ̂z = θ̂
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| J (̂θz) |−1/2 .= | J (̂θ) |−1/2 +(̂θz − θ̂ )r {∂ | J (̂θz) |−1/2 /∂θ̂z,r }|θ̂z =θ̂
.= | J (̂θ) |−1/2 [1 − (1/2)(̂θz − θ̂ )r {∂ log | J (̂θz) | /∂θ̂z,r }|θ̂z=θ̂ ].

Using relation (9), and recalling that ∂ log | J (θ) | /∂θr } = − j tu(θ)�rtu (θ ; y) (see,
for example, [3], Section 5.7), gives

| J (̂θz) |−1/2 .=| J (̂θ) |−1/2 {1 + (1/2) j rs (̂θ ) j tu(̂θ )�rtu (̂θ ; y)�s (̂θ ; z)}. (15)

Moreover, since the (r, t)-element of Id + J (̂θz)
−1 K (̂θz) is δrt +γrt , r, t = 1, . . . , d ,

with δrr = 1, δrt = 0, when r 
= t , and γrt = Op(n−1), we state that

| Id + J (̂θz)
−1 K (̂θz) |−1/2 .= {1 + tr(J (̂θz)

−1 K (̂θz))}−1/2

.= {1 + γrr }−1/2

= {1 − j rs (̂θz )�rs (̂θz ; z)}−1/2

.= 1 + (1/2) j rs (̂θ )�rs (̂θ ; z), (16)

where tr(M) is the trace of a matrix M and θ̂ is considered instead of θ̂z , without
changing the order of approximation. Finally, substitution of (15) and (16) into (14),
gives

| J z(̂θz ) |−1/2 .= | J (̂θ ) |−1/2 {1 + (1/2) j rs (̂θ ) j tu(̂θ )�rtu (̂θ ; y)�s (̂θ ; z)

+(1/2) j rs (̂θ )�rs (̂θ ; z)}. (17)

In order to obtain an asymptotic expansion for | ∂θ̂/∂θ̂z |, we consider the following
relation:

θ̂r
.= θ̂z,r − j rt (̂θz) �t (̂θz ; z), (18)

obtained from (9) by means of a suitable inversion procedure. Differentiation, with
respect to θ̂z,s , of θ̂r as specified by (18), gives

∂θ̂r /∂θ̂z,s
.= δrs − j ru (̂θ ) j tk (̂θ ){�uks (̂θ ; y)+ �uk,s (̂θ ; y)}�t (̂θ ; z)

− j rt (̂θ)�t s (̂θ ; z),

where θ̂ is substituted for θ̂z, without changing the order of approximation. In the
calculations we consider that

∂ j rt (̂θ )/∂θ̂s = − j ru (̂θ ) j tk (̂θ ){∂ juk (̂θ )/∂θ̂s}
and we take into account that �(̂θ ; y) = �(̂θ ; θ̂ , a). Thus, the (r, s)-element of matrix
∂θ̂/∂θ̂z is expressed as δrs + γrs + op(n−1), r, s = 1, . . . , d , with γrs = Op(n−1),
and we conclude that | ∂θ̂/∂θ̂z | .= 1 + γrr , namely

| ∂θ̂/∂θ̂z | .= 1 − j ru (̂θ ) j tk (̂θ){�ukr (̂θ ; y)+ �uk,r (̂θ ; y)}�r (̂θ ; z)

− j rt (̂θ )�tr (̂θ ; z). (19)

Whenever (19) is negative, we in fact consider its absolute value.
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Computer-intensive conditional inference

G. Alastair Young and Thomas J. DiCiccio

Abstract. Conditional inference is a fundamental part of statistical theory. However, exact
conditional inference is often awkward, leading to the desire for methods which offer accurate
approximations. Such a methodology is provided by small-sample likelihood asymptotics. We
argue in this paper that simple, simulation-based methods also offer accurate approximations
to exact conditional inference in multiparameter exponential family and ancillary statistic
settings. Bootstrap simulation of the marginal distribution of an appropriate statistic provides
a conceptually simple and highly effective alternative to analytic procedures of approximate
conditional inference.

Key words: analytic approximation, ancillary statistic, Bartlett correction, bootstrap, condi-
tional inference, exponential family, likelihood ratio statistic, stability

1 Introduction

Conditional inference has been, since the seminal work of Fisher [16], a fundamental
part of the theory of parametric inference, but is a less established part of statistical
practice.

Conditioning has two principal operational objectives: (i) the elimination of nui-
sance parameters; (ii) ensuring relevance of inference to an observed data sample,
through the conditionality principle, of conditioning on the observed value of an an-
cillary statistic, when such a statistic exists. The concept of an ancillary statistic here
is usually taken simply to mean one which is distribution constant. The former notion
is usually associated with conditioning on sufficient statistics, and is most trans-
parently and uncontroversially applied for inference in multiparameter exponential
family models. Basu [7] provides a general and critical discussion of conditioning
to eliminate nuisance parameters. The notion of conditioning to ensure relevance,
together with the associated problem, which exercised Fisher himself (Fisher [17]),
of recovering information lost when reducing the dimension of a statistical problem
(say, to that of the maximum likelihood estimator, when this is not sufficient), is most
transparent in transformation models, such as the location-scale model considered by
Fisher [16].

Mantovan, P., Secchi, P. (Eds.): Complex Data Modeling and Computationally Intensive Statistical Methods
© Springer-Verlag Italia 2010
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In some circumstances issues to do with conditioning are clear cut. Though most
often applied as a slick way to establish independence between two statistics, Basu’s
Theorem (Basu [4]) shows that a boundedly complete sufficient statistic is independent
of every distribution constant statistic. This establishes the irrelevance for inference
of any ancillary statistic when a boundedly complete sufficient statistic exists.

In many other circumstances however, we have come to understand that there are
formal difficulties with conditional inference. We list just a few. (1) It is well under-
stood that conflict can emerge between conditioning and conventional measures of
repeated sampling optimality, such as power. The most celebrated illustration is due
to Cox [11]. (2) Typically there is arbitrariness on what to condition on. In particular,
ancillary statistics are often not unique and a maximal ancillary may not exist. See,
for instance, Basu [5, 6] and McCullagh [23]. (3) We must also confront the awk-
ward mathematical contradiction of Birnbaum [9], which says that the conditionality
principle, taken together with the quite uncontroversial sufficiency principle, imply
acceptance of the likelihood principle of statistical inference, which is incompatible
with the common methods of inference, such as calculation of p-values or construc-
tion of confidence sets, where we are drawn to the notion of conditioning.

Calculating a conditional sampling distribution is also typically not easy, and
such practical difficulties, taken together with the formal difficulties with conditional
inference, have led to much of modern statistical theory being based on notions of
inference which automatically accommodate conditioning,at least to some high order
of approximation. Of particular focus are methods which respect the conditionality
principle without requiring explicit specification of the conditioning ancillary, and
which therefore circumvent the difficulties associated with non-uniqueness of ancil-
laries.

Much attention in parametric theory now lies, therefore, in inference procedures
which are stable, that is, which are based on a statistic which has, to some high order in
the available data sample size, the same repeated sampling behaviour both marginally
and conditional on the value of the appropriate conditioning statistic. The notion is
that accurate approximation to an exact conditional inference can then be achieved
by considering the marginal distribution of the stable statistic, ignoring the relevant
conditioning. This idea is elegantly expressed for the ancillary statistic context by,
for example, Barndorff-Nielsen and Cox [2, Section 7.2], Pace and Salvan [24, Sec-
tion 2.8] and Severini [26, Section 6.4]. See also Efron and Hinkley [15] and Cox [12].

A principal approach to approximation of an intractable exact conditional in-
ference by this route lies in developments in higher-order small-sample likelihood
asymptotics, based on saddle point and related analytic methods. Book length treat-
ments of this analytic approach are given by Barndorff-Nielsen and Cox [2] and Sev-
erini [26]. Brazzale et al. [10] demonstrate very convincingly how to apply these de-
velopments in practice. Methods have been constructed which automatically achieve,
to a high order of approximation, the elimination of nuisance parameters which is
desired in the exponential family setting, though focus has been predominantly on
ancillary statistic models. Here, a key development concerns construction of adjusted
forms of the signed root likelihood ratio statistic, which require specification of the
ancillary statistic, but are distributed,conditionallyon the ancillary, as N(0, 1) to third
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order, O(n−3/2), in the data sample size n. Normal approximation to the sampling
distribution of the adjusted statistic therefore provides third-order approximation to
exact conditional inference: see Barndorff-Nielsen [1]. Approximations which yield
second-order conditional accuracy, that is, which approximate the exact conditional
inference to an error of order O(n−1), but which avoid specification of the ancillary
statistic, are possible: Severini [26, Section 7.5] reviews such methods.

In the computer age, an attractive alternative approach to approximation of condi-
tional inference uses marginal simulation, or ‘parametric bootstrapping’, of an appro-
priately chosen statistic to mimic its conditional distribution.The idea may be applied
to approximate the conditioning that is appropriate to eliminate nuisance parameters
in the exponential family setting, and can be used in ancillary statistic models, where
specification of the conditioning ancillary statistic is certainly avoided.

Our primary purpose in this article is to review the properties of parametric boot-
strap procedures in approximation of conditional inference. The discussion is phrased
in terms of the inference problem described in Section 2. Exponential family and
ancillary statistics models are described in Section 3. Key developments in analytic
approximation methods are described in Section 4. Theoretical properties of the para-
metric bootstrap approach are described in Section 5, where comparisons are drawn
with analytic approximation methods. A set of numerical examples are given in Sec-
tion 6, with concluding remarks in Section 7.

2 An inference problem

We consider the following inference problem. Let Y = {Y1, . . . , Yn} be a random
sample from an underlying distribution F(y; η), indexed by a d-dimensional param-
eter η, where each Yi may be a random vector. Let θ = g(η) be a (possibly vector)
parameter of interest, of dimension p. Without loss we may assume that η = (θ, λ),
with θ the p-dimensional interest parameter and λ a d − p-dimensional nuisance
parameter. Suppose we wish to test a null hypothesis of the form H0 : θ = θ0, with
θ0 specified, or, through the familiar duality between tests of hypotheses and confi-
dence sets, construct a confidence set for the parameter of interest θ . If p = 1, we
may wish to allow one-sided inference, for instance a test of H0 against a one-sided
alternative of the form θ > θ0 or θ < θ0, or construction of a one-sided confidence
limit. Let l(η) = l(η; Y ) be the log-likelihood for η based on Y . Also, denote by
η̂ = (θ̂ , λ̂) the overall maximum likelihood estimator of η, and by λ̂θ the constrained
maximum likelihood estimator of λ, for a given fixed value of θ . Inference on θ
may be based on the likelihood ratio statistic, W = w(θ) = 2{l(η̂) − l(θ, λ̂θ )}.
If p = 1, one-sided inference uses the signed square root likelihood ratio statistic
R = r(θ) = sgn(θ̂ − θ)w(θ)1/2 , where sgn(x) = −1 if x < 0, = 0 if x = 0 and = 1
if x > 0. In a first-order theory of inference, the two key distributional results are that
W is distributed as χ2

p, to error of order O(n−1), while R is distributed as N(0, 1),

to an error of order O(n−1/2).
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3 Exponential family and ancillary statistic models

Suppose the log-likelihood is of the form l(η) = θs1(Y )+λT s2(Y )−k(θ, λ)−d(Y ),
with θ scalar, so that θ is a natural parameter of a multiparameter exponential family.
We wish to test H0 : θ = θ0 against a one-sided alternative, and do so using the
signed root statistic R.

Here the conditional distribution of s1(Y ) given s2(Y ) = s2 depends only on θ , so
that conditioning on the observed value s2 is indicated as a means of eliminating the
nuisance parameter. So, the appropriate inference on θ is based on the distribution of
s1(Y ), given the observed data value of s2. This distribution is, in principle, known,
since it is completely specified, once θ is fixed. In fact, this conditional inference has
the unconditional (repeated sampling) optimality property of yielding a uniformly
most powerful unbiased test: see, for example, Young and Smith [29, Section 7.2].
In practice however, the exact inference may be difficult to construct: the relevant
conditional distribution typically requires awkward analytic calculations, numerical
integrations etc., and may even be completely intractable.

In modern convention, ancillarity in the presence of nuisance parameters is gen-
erally defined in the following terms. Suppose the minimal sufficient statistic for η
may be written as (η̂, A), where the statistic A has, at least approximately, a sam-
pling distribution which does not depend on the parameter η. Then A is said to be
ancillary and the conditionality principle would argue that inference should be made
conditional on the observed value A = a.

McCullagh [22] showed that the conditional and marginal distributions of signed
root statistics derived from the likelihood ratio statistic W for a vector interest param-
eter, but with no nuisance parameter, agree to an error of order O(n−1), producing
very similar p-values whether one conditions on an ancillary statistic or not. Severini
[25] considered similar results in the context of a scalar interest parameter without
nuisance parameters; see also Severini [26, Section 6.4.4]. Zaretski et al. [30] estab-
lish stability of the signed root statistic R, in the case of a scalar interest parameter and
a general nuisance parameter. The key to their analysis is that the first two cumulants
of the signed root statistic r(θ) are of the form

E{r(θ)} = n−1/2m(η)+ O(n−3/2), var{r(θ)} = 1 + n−1v(η)+ O(n−3/2),

where m(η) and v(η) are of order O(1). The third- and higher-order cumulants of
r(θ) are of order O(n−3/2); see Severini [26, Section 5.4]. This cumulant structure
also holds conditionally given a statistic A assumed to be second-order ancillary;
see McCullagh [22] for details of approximate ancillarity. Under conditions required
for valid Edgeworth expansions, if the conditional and marginal expectations of the
signed root statistic agree to an error of order O(n−1) given the ancillary statistic A,
then the conditional and marginal distributions agree to the same order of error. An
intricate analysis shows that the conditional and marginal versions of m(η) coincide,
to order O(n−1). This methodology may be readily extended to the case of a vector
interest parameter θ to establish stability of signed root statistics derived from the
likelihood ratio statistic W in the presence of nuisance parameters. Stability of W is
immediate: the marginal and conditional distributions are both χ2

p to error O(n−1).
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4 Analytic approximations

A detailed development of analytic methods for distributional approximation which
yield higher-order accuracy in approximation of an exact conditional inference is de-
scribed by Barndorff-Nielsen and Cox [2]. A sophisticated and intricate theory yields
two particularly important methodological contributions. These are Bartlett correc-
tions of the likelihood ratio statistic W and the development of analytically adjusted
forms of the signed root likelihoodratio statistic R, which are specifically constructed
to offer conditional validity, to high asymptotic order, in both the multiparameter ex-
ponential family and ancillary statistic contexts. Particularly central to the analytic
approach to higher-order accurate conditional inference is Barndorff-Nielsen’s R∗
statistic (Barndorff-Nielsen, [1]).

In some generality, the expectation of w(θ) under parameter value η may be
expanded as

Eη{w(θ)} = p

{
1 + b(η)

n
+ O(n−2)

}
.

The basis of the Bartlett correction is to modify w(θ), through a scale adjustment, to
a new statistic

w(θ)/{1 + b(η)/n},
which turns out to be distributed as χ2

p , to an error of order O(n−2), rather than

the error O(n−1) for the raw statistic w(θ). Remarkably, and crucially for inference
in the presence of nuisance parameters, this same reduction in the order of error of
an χ2

p approximation is achievable if the scale adjustment is made using the quantity

b(θ, λ̂θ); see Barndorff-Nielsen and Hall [3]. Note that this result may be re-expressed
as saying that the statistic

w∗(θ) = p

E(θ,λ̂θ ){w(θ)}
w(θ)

is distributed as χ2
p to an error of order O(n−2). Here the quantity E(θ,λ̂θ ){w(θ)}

may be approximated by simulation, allowing the Bartlett correction to be carried out
purely empirically, without analytic calculation.

The adjusted signed root statistic R∗ has the form

R∗ = r∗(θ) = r(θ) + r(θ)−1 log{u(θ)/r(θ)}.
Write η = (

η1, . . . , ηd
)
, so that θ = η1 is the scalar parameter of interest, with

λ = (
η2, . . . , ηd

)
a vector nuisance parameter. Let lrs (η) = ∂2l(η)/∂ηrηs , and let

lηη = (
lrs
)

be the d × d matrix with components lrs (η) and lλλ be the (d − 1)× (d −
1) submatrix corresponding to the nuisance parameter λ. In the exponential family
context, the adjustment quantity u(θ) takes the simple form

u(θ) = (
θ̂ − θ

) ∣∣− lηη(θ̂ , λ̂)
∣∣1/2∣∣− lλλ(θ, λ̂θ )
∣∣1/2

.
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In the ancillary statistic context the adjustment necessitates explicit specification of
the ancillary statistic A and more awkward analytic calculations. For details of its
construction, see Barndorff-Nielsen and Cox [2, Section 6.6].

The sampling distribution of R∗ is N(0, 1), to an error of order O(n−3/2), condi-
tionally on A = a, and therefore also unconditionally. Standard normal approximation
to the sampling distribution of R∗ therefore yields third-order (in fact, relative) condi-
tional accuracy, in the ancillary statistic setting, and inference which respects that of
exact conditional inference in the exponential family setting to the same third-order.
The analytic route therefore achieves the goal of improving on the error of order
O(n−1/2) obtained from the asymptotic normal distribution of R by two orders of
magnitude, O(n−1), while respecting the conditional inference desired in the two
problem classes.

5 Bootstrap approximations

The simple idea behind the bootstrap or simulation alternative to analytic methods
of inference is estimation of the sampling distribution of the statistic of interest by
its sampling distribution under a member of the parametric family F(y; η), fitted
to the available sample data. A recent summary of the repeated sampling properties
of such schemes is given by Young [28]. We are concerned here with an analysis
of the extent to which the bootstrap methods, applied unconditionally, nevertheless
achieve accurate approximation to conditional inference in the exponential family
and ancillary statistic settings.

DiCiccio and Young [14] show that in the exponential family context, accurate
approximation to the exact conditional inference may be obtained by considering the
marginal distribution of the signed root statistic R under the fitted model F(y; (θ, λ̂θ)),
that is the model with the nuisance parameter taken as the constrained maximum like-
lihood estimator, for any given value of θ . This scheme yields inference agreeing with
exact conditional inference to a relative error of third order, O(n−3/2). Specifically,
DiCiccio and Young [14] show that

pr{R ≥ r; (θ, λ̂θ )} = pr(R ≥ r|s2(Y ) = s2; θ){1 + O(n−3/2)},
when r is of order O(1). Their result is shown for both continuous and discrete models.
The approach therefore has the same asymptotic properties as saddle point methods
developed by Skovgaard [27] and Barndorff-Nielsen [1] and studied by Jensen [18].
DiCiccio and Young [14] demonstrate in a number of examples that this approach
of estimating the marginal distribution of R gives very accurate approximations to
conditional inference even in very small sample sizes: further examples are discussed
in Section 6 below. A crucial point of their analysis is that the marginal estimation
should fix the nuisance parameter as its constrained maximum likelihood estimator:
the same third-order accuracy is not obtained by fixing the nuisance parameter at its
global maximum likelihood value λ̂.

Third-order accuracy can also be achieved, in principle, by estimating the marginal
distributions of other asymptotically standard normal pivots, notably Wald and score
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statistics. However, in numerical investigations, using R is routinely shown to provide
more accurate results. A major advantage of using R is its low skewness; consequently,
third-order error can be achieved, although not in a relative sense, by merely correct-
ing R for its mean and variance and using a standard normal approximation to the
standardised version of R. Since it is computationally much easier to approximate the
mean and variance of R by parametric bootstrapping at (θ, λ̂θ ) than it is to simulate
the entire distribution of R, the use of mean and variance correction offers substan-
tial computational savings, especially for constructing confidence intervals. Although
these savings are at the expense of accuracy, numerical work suggests that the loss of
accuracy is unacceptable only when the sample size is very small.

In theory, less conditional accuracy is seen in ancillary statistic models. Since the
marginal and conditional distributions of R coincide with an error of order O(n−1)
given A = a, it follows that the conditional p-values obtained from R are approxi-
mated to the same order of error by the marginal p-values. Moreover, for approximat-
ing the marginal p-values, the marginal distribution of R can be approximated to an
error of order O(n−1) by means of the parametric bootstrap; the value of η used in the
bootstrap can be either the overall maximum likelihood estimator, η = (θ̂ , λ̂), or the
constrained maximum likelihood estimator, η = (θ, λ̂θ ). For testing the null hypoth-
esis H0 : θ = θ0, the latter choice is feasible; however, for constructing confidence
intervals, the choice η = (θ̂ , λ̂) is computationally less demanding. DiCiccio et al.
[13] and Lee and Young [21] showed that the p-values obtained by using η = (θ, λ̂θ )
are marginally uniformly distributed to an error of order O(n−3/2), while those ob-
tained by using η = (θ̂ , λ̂) are uniformly distributed to an error of order O(n−1) only.
Numerical work indicates that using η = (θ, λ̂θ ) improves conditional accuracy as
well, although, formally, there is no difference in the orders of error to which con-
ditional p-values are approximated by using the two choices. Though in principle
the order of error in approximation of exact conditional inference obtained by con-
sidering the marginal distribution of R is larger than the third-order, O(n−3/2), error
obtained by normal approximation to the sampling distribution of the adjusted signed
root statistic R∗, substantial numerical evidence suggests very accurate approxima-
tions are obtained in practice. Examples are given in Section 6, and further particular
examples are considered by DiCiccio et al. [13], Young and Smith [29, Section 11.5]
and Zaretzki et al. [30].

In the case of a vector interest parameter θ , both the marginal and conditional
distributions of W = w(θ) are chi-squared to error O(n−1), and hence, using the
χ2

p approximation to the distribution of W achieves conditional inference to an error
of second-order. Here, however, we have noted that a simple scale adjustment of the
likelihood ratio statistic improves the chi-squared approximation:

p

E(θ,λ){w(θ)}w(θ)

is distributed as χ2
p to an error of order O(n−2). Since E(θ,λ){w(θ)} is of the form

p + O(n−1), it follows that E(θ,λ̂θ ){w(θ)} = E(θ,λ){w(θ)} + Op(n−3/2). Thus, esti-

mation of the marginal distribution of W by bootstrapping with η = (θ, λ̂θ ) yields
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an approximation having an error of order O(n−3/2); moreover, to an error of order
O(n−2), this approximation is the distribution of a scaled χ2

p random variable with
scaling factor E(θ,λ̂θ ){w(θ)}/p. The result of Barndorff-Nielsen and Hall [3], that

p

E(θ,λ̂θ ){w(θ)}
w(θ)

is distributed asχ2
p to an error of order O(n−2), shows that confidence sets constructed

by using the bootstrap approximation to the marginal distribution of W have marginal
coverage error of order O(n−2).

The preceding results continue to hold under conditioning on the ancillary statistic.
In particular,

p

E(θ,λ){w(θ)|A = a}w(θ)

is conditional on A = a, also χ2
p to an error of order O(n−2). The conditional

distribution of W is, to an error of order O(n−2), the distribution of a scaledχ2
p random

variable with scaling factor E(θ,λ){w(θ)|A = a}/p. Generally, the difference between
E(θ,λ){w(θ)} and E(θ,λ){w(θ)|A = a} is of order O(n−3/2) given A = a, and using
the bootstrap estimate of the marginal distribution of W approximates the conditional
distribution to an error of order O(n−3/2). Thus, confidence sets constructed from the
bootstrap approximation have conditional coverage error of order O(n−3/2), as well
as marginal coverage error of order O(n−2).

Bootstrapping the entire distribution of W at η = (θ, λ̂θ ) is computationally
expensive, especially when constructing confidence sets, and two avenues for sim-
plification are feasible. Firstly, the order of error in approximation to conditional
inference remains of order O(n−3/2) even if the marginal distribution of W is esti-
mated by bootstrapping with η = (θ̂ , λ̂), the global maximum likelihood estimator.
It is likely that using η = (θ, λ̂θ ) produces greater accuracy, however, this increase
in accuracy might not be sufficient to warrant the additional computational demands.
Secondly, instead of bootstrapping the entire distributionof W , the scaled chi-squared
approximation could be used, with the scaling factor E(θ,λ̂θ ){w(θ)}/p being estimated
by the bootstrap. This latter approach of empirical Bartlett adjustment is studied in nu-
merical examples in Section 6. Use of the bootstrap for estimating Bartlett adjustment
factors was proposed by Bickel and Ghosh [8].

6 Examples

6.1 Inverse Gaussian distribution

Let {Y1, . . . , Yn} be a random sample from the inverse Gaussian density

f (y; θ, λ) =
√

θ

2π
exp(

√
θλ)y−3/2 exp{−1

2
(θy−1 + λy)}, y > 0, θ > 0, λ > 0.
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The parameter of interest θ is the shape parameter of the distribution, which constitutes
a two-parameter exponential family.

With S = n−1 ∑n
i=1 Y −1

i and C = n−1 ∑n
i=1 Yi , the appropriate conditional

inference is based on the conditional distribution of S, given C = c, the observed
data value of C. This, making exact conditional inference simple in this problem, is
equivalent to inference being based on the marginal distributionof V = ∑n

i=1(Y
−1
i −

Y
−1
). The distribution of θV is χ2

n−1.

The signed root statistic r(θ) is given by r(θ) = sgn(θ̂ −θ){n(log θ̂ −1− log θ +
θ/θ̂)}1/2, with the global maximum likelihood estimator θ̂ given by θ̂ = n/V . The
signed root statistic r(θ) is seen to be a function of V , and therefore has a sampling
distribution which does not depend on the nuisance parameter λ. Since r(θ) is in
fact a monotonic function of V , and the exact conditional inference is equivalent
to inference based on the marginal distribution of this latter statistic, the bootstrap
inference will actually replicate the exact conditional inference without error, at least
in an infinite bootstrap simulation. Thus, from a conditional inference perspective, a
bootstrap inference will be exact in this example.

6.2 Log-normal mean

As a second example of conditional inference in an exponential family, suppose
{Y1, . . . , Yn} is a random sample from the normal distribution with mean μ and
variance τ , and that we want to test the null hypothesis that ψ ≡ μ + 1

2τ = ψ0,
with τ as nuisance parameter. This inference problem is equivalent to that around the
mean of the associated log-normal distribution.

The likelihood ratio statistic is

w(ψ) = n[− log τ̂ − 1 + log τ̂0 + 1

4
τ̂0 + {τ̂ + (Ȳ −ψ0)

2}/τ̂0 + (Ȳ −ψ0)],

with Ȳ = n−1 ∑n
i=1 Yi , τ̂ = n−1∑n

i=1(Yi − Ȳ )2, and where the constrained maxi-
mum likelihood estimator of the nuisance parameter τ under the hypothesis ψ = ψ0

is given by τ̂0 = 2[{1 + τ̂ + (Ȳ −ψ0)
2}1/2 − 1].

In this example, calculation of the p-values associated with the exact conditional
test is awkward, requiring numerical integration, but quite feasible: details of the test
are given by Land [19]. We perform a simulation of 5000 datasets, for various sample
sizes n, from the normal distribution with μ = 0, τ = 1, and consider one-sided
testing of the hypothesis H0 : ψ = 1/2, testing against ψ > 1/2. We compare the
average absolute percentage relative error of different approximations to the exact
conditional p-values over the 5000 replications in Table 1. Details of the methods
are as follows: r is based on N(0, 1) approximation to the distribution of r(ψ);
r∗ is based on N(0, 1) approximation to the distribution of r∗(ψ); boot is based
on bootstrap estimation of the marginal distribution of r(ψ). All bootstrap results
are based on 5,000,000 samples. The figures in parenthesis show the proportion of
the 5000 replications where the corresponding method gave the smallest absolute
percentage error. Bootstrapping the marginal distribution of the signed root statistic
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Table 1. Log-normal mean problem: comparison of average absolute percentage relative errors
in estimation of exact conditional p-values over 5000 replications

n r r∗ boot

5 6.718 0.476 0.367
(0.3%) (37.3%) (62.4%)

10 4.527 0.154 0.136
(0.1%) (41.9%) (58.0%)

15 3.750 0.085 0.077
(0.0%) (42.3%) (57.7%)

20 3.184 0.054 0.050
(0.0%) (43.3%) (56.7%)

is highly effective as a means of approximating the exact conditional inference for
a small n, this procedure remaining competitive with the r∗ approximation, which
yields the same theoretical error rate, O(n−3/2), as the sample size n increases.

6.3 Weibull distribution

As a simple illustration of an ancillary statistic model, suppose that {T1, . . . , Tn} is a
random sample from the Weibull density

f (t ; ν, λ)= λν(λt)ν−1 exp{−(λt)ν}, t > 0, ν > 0, λ > 0,

and that we are interested in inference for the parameter ν: note that ν = 1 reduces
to the exponential distribution. If we take Yi = log Ti , then the Yi are an independent
sample of size n from an extreme value distribution EV(μ, θ), a location-scale family,
with scale and location parameters θ = ν−1, μ = − logλ. It is straightforward to
construct exact inference for θ , conditional on the ancillary a = (a1, . . . , an), with
ai = (yi − μ̂)/θ̂ : see, for example, Pace and Salvan [24, Section 7.6].

Again, we perform a simulation of 5000 datasets, for various sample sizes n,
from the Weibull density with ν = λ = 1, and consider both one-sided and two-sided
testing of the hypothesis H0 : θ = 1, in the one-sided case testing against θ > 1.
As before, we compare the average absolute percentage relative error of different
approximations to the exact conditional p-values over the 5000 replications in Table
2. Details of the methods are as follows. For the one-sided inference: r is based on
N(0, 1) approximation to the distribution of r(θ); r∗ is based on N(0, 1) approxima-
tion to the distribution of r∗(θ); boot is based on bootstrap estimation of the marginal
distribution of r(θ). For two-sided inference: w is based on χ2

1 approximation to the
distribution of w(θ); Bart is based on χ2

1 approximation to the (empirically) Bartlett
corrected w∗(θ); boot is based on bootstrap estimation of the marginal distribution of
w(θ). As before, all bootstrap results are based on 5,000,000 samples, this same sim-
ulation being used for empirical Bartlett correction. Figures in parenthesis show the
proportionof the 5000 replications where the corresponding method gave the smallest
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Table 2. Weibull scale problem: comparison of average absolute percentage relative errors in
estimation of exact conditional p-values over 5000 replications

One-sided Two-sided

n r r∗ boot w Bart boot

10 37.387 1.009 0.674 12.318 0.666 0.611

(0.0%) (17.1%) (82.9%) (0.0%) (43.9%) (56.1%)
20 25.473 0.388 0.397 6.118 0.185 0.227

(0.0%) (46.2%) (53.8%) (0.0%) (63.4%) (36.6%)
30 20.040 0.252 0.307 4.158 0.131 0.200

(0.0%) (60.9%) (39.1%) (0.0%) (68.7%) (31.3%)
40 17.865 0.250 0.273 3.064 0.117 0.177

(0.0%) (70.1%) (29.9%) (0.0%) (69.7%) (30.3%)

absolute percentage error. For both one-sided and two-sided inference, bootstrapping
the marginal distribution of the appropriate statistic is highly effective for a small n,
though there is some evidence that as n increases in the two-sided case, the simu-
lation effort is better directed at estimation of the (marginal) expectation of w(θ),
and the approximation to an exact conditional inference made via the chi-squared
approximation to the scale-adjusted statistic w∗(θ).

6.4 Exponential regression

Our final example concerns inference on a two-dimensional interest parameter, in the
presence of a scalar nuisance parameter.

Let Y1, . . . , Yn be independent and exponentially distributed, where Yi has mean
λ exp(−θ1zi −θ2xi), where the zi and xi are covariates, with

∑n
i=1 zi = ∑n

i=1 xi = 0.
The interest parameter is θ = (θ1, θ2), with λ nuisance. The log-likelihood function
for (θ, λ) can be written as

l(θ, λ) = −n logλ− nλ̂θ /λ.

Here a = (a1, . . . , an) is the appropriate conditioning ancillary statistic, with ai =
log yi − log λ̂+ θ̂1zi + θ̂2xi .

The likelihood ratio statisticw(θ) is easily shown to have the simple form

w(θ) = 2 log[
1

n

n∑
i=1

exp{ai + (θ1 − θ̂1)zi + (θ2 − θ̂2)xi }].

Now we perform a simulation of 2000 datasets, for various sample sizes n, from this
exponential regression model with θ = (0, 0), λ = 1, and consider testing of the
hypothesis H0 : θ = (0, 0). Let z = (54, 52, 50, 65, 52, 52, 70, 40, 36, 44, 54, 59)
and x = (12, 8, 7, 21, 28, 13, 13, 22, 36, 9, 87): these are covariate values in a lung
cancer survival dataset described by Lawless [20, Table 6.3.1]. In our simulations, for
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Table 3. Exponential regression problem: comparison of average absolute percentage relative
errors in estimation of exact conditional p-values over 2000 replications

n w Bart boot

5 12.473 1.199 0.557
(0.4%) (23.8%) (75.8%)

7 5.795 1.013 0.962
(3.5%) (42.7%) (53.9%)

9 4.636 0.791 0.786
(8.8%) (43.1%) (48.2%)

11 4.840 1.642 1.622
(18.4%) (33.3%) (48.4%)

a given n, the covariate values (z1, . . . , zn) and (x1, . . . , xn) are taken as the first n
members of z and x respectively, suitable centred to have

∑n
i=1 zi = ∑n

i=1 xi = 0.
Exact conditional inference for this model is detailed by Lawless [20, Section 6.3.2].
Exact conditional p-values based on the likelihood ratio statistic W are, following
Barndorff-Nielsen and Cox [2, Section 6.5], obtained by numerical integration of the
exact conditional density of θ̂ given a , as described by Lawless [20, Section 6.3.2],
over the appropriate set of values of θ̂ which give a value of W exceeding the observed
value.

The average absolute percentage relative error of different approximations to the
exact conditional p-values over the 2000 replications are given in Table 3. Now
w is based on χ2

2 approximation to the distribution of w(θ); Bart is based on χ2
2

approximation to the (empirically) Bartlett correctedw∗(θ); boot is based on bootstrap
estimation of the marginal distribution of w(θ). As before, all bootstrap results are
based on 5,000,000 samples, this same simulation being used for empirical Bartlett
correction, and the figures in parenthesis show the proportion of the 2000 replications
where the corresponding method gave the smallest absolute percentage error. Now,
exact conditional p-values appear to be effectively approximated by the marginal
distribution of the likelihood ratio statistic, though the empirical Bartlett correction
is quite comparable.

7 Conclusions

Marginal simulation approaches to approximation of an exact conditional inference
have been shown to be highly effective, in both multiparameter exponential family
and ancillary statistic models.

For inference on a scalar natural parameter in an exponential family, the appro-
priate exact one-sided conditional inference can be approximated to a high level of
accuracy by marginal simulation of the signed root likelihood ratio statistic R. This
procedure considers the sampling distribution of R under the model in which the
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interest parameter is fixed at its null hypothesis value and the nuisance parameter
is specified as its constrained maximum likelihood value, for that fixed value of the
interest parameter. The theoretical rate of error in approximation of the exact condi-
tional inference is the same (O(n−3/2)) as that obtained by normal approximation to
the distribution of the adjusted signed root statistic R∗, and excellent approximation
is seen with small sample sizes. Similar practical effectiveness is seen with small
sample sizes n in ancillary statistic models, though here the theoretical error rate of
the marginal simulation approach, O(n−1), is inferior to that of the analytic approach
based on R∗ .

In ancillary statistic models, where interest is in a vector parameter, or in two-sided
inference, based on the likelihood ratio statistic W , on a scalar interest parameter, two
marginal simulation approaches compete. The first uses the simulation to approximate
directly the sampling distribution of W and the second approximates the marginal
expectation of W , this then being the basis of empirical Bartlett correction of W . The
two methods are seen to perform rather similarly in practice, with direct approximation
of the distribution of the stable statistic W yielding particularly good results in small
sample size situations.
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Monte Carlo simulation methods for reliability
estimation and failure prognostics

Enrico Zio

Abstract. Monte Carlo Simulation (MCS) offers a powerful means for modeling the stochas-
tic failure behaviour of engineered structures, systems and components (SSC). This paper
summarises current work on advanced MCS methods for reliability estimation and failure
prognostics.

Key words: Monte Carlo simulation, reliability, subset sampling, line sampling, failure prog-
nostics, particle filtering

With respect to the estimation of the reliability of SSC by Monte Carlo simulation, the
challenge is due to the small failure probabilities involved which may bring a signifi-
cant computational burden. The recently developed Subset Simulation (SS) and Line
Sampling (LS) methods are here illustrated and shown capable of improving the MCS
efficiency in the estimation of small failure probabilities. The SS method is founded
on the idea that a small failure probability can be expressed as a product of larger
conditional probabilities of some intermediate events: with a proper choice of inter-
mediate events, the conditional probabilities can be made sufficiently large enough to
allow accurate estimation with a small number of samples. The LS method employs
lines instead of random points in order to probe the failure domain of interest. An “im-
portant direction” is determined, which points towards the failure domain of interest;
the high-dimensional reliability problem is then reduced to a number of conditional
one-dimensional problems which are solved along the “important direction”.

With respect to failure prognosis, in general terms the primary goal is to indicate
whether the SSC of interest can perform its function throughout its lifetime with rea-
sonable assurance and, in the case it cannot, to estimate its Time To Failure (TTF),
i.e. the lifetime remaining before it can no longer perform its function. The soundest
model-based approaches to the state estimation of a SSC build a posterior distribution
of its unknown state by combining the distribution assigned a priori with the likeli-
hood of the observations of measurements of parameters or variables related to the
SSC state. In this Bayesian setting, a Monte Carlo simulation method which is be-
coming popular is the so-called particle filtering method which approximates the state
distributions of interest by discrete sets of weighed ‘particles’ representing random
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trajectories of system evolution in the state space, and whose weights are estimates
of the probabilities of the trajectories. The potential of this method is here illustrated.

1 Introduction

MCS is a powerful method for modeling and evaluating the stochastic failure be-
haviour of a complex SSC, thanks to its flexibility and to the indifference of the
model solution to its complexity and dimensionality. The method is based on the
repeated sampling of realisations of SSC configurations and evolutions.

In mathematical terms, the probability of SSC failure can be expressed as a multi-
dimensional integral of the form

P(F) = P(x ∈ F) =
∫

IF (x )q(x)dx, (1)

where x = {
x1, x2, . . . , x j , . . . , xn

} ∈ �n is the vector of the random states of
the components, i.e. the random configuration of the system, with multi-dimensional
probability density function (PDF) q : �n → [0, ∞), F ⊂ �n is the failure region
and IF : �n → {0, 1} is an indicator function such that IF (x) = 1, if x ∈ F and
IF (x ) = 0, otherwise.

In practical cases, the multi-dimensional integral (1) cannot be easily evaluated
by analytical methods nor by numerical schemes. On the other hand, MCS offers
an effective means for estimating the integral, because the method does not suffer
from the complexity and dimension of the domain of integration, albeit it implies
the non-trivial task of sampling from the multi-dimensional probability density func-
tion (PDF). Indeed, the MCS solution to (1) entails that a large number of samples
of the values of the component states vector be drawn from q(·); an unbiased and
consistent estimate of the failure probability is then simply computed as the fraction
of the number of samples that lead to failure. However, a large number of samples
(inversely proportional to the failure probability) is necessary to achieve an acceptable
estimation accuracy: in terms of the integral in (1) this can be seen as due to the high
dimensionality n of the problem and the large dimension of the relative sample space
compared to the failure region of interest [27].

In this respect, advanced simulation approaches which overcome some of the lim-
itations of IS are offered by Subset Simulation (SS) [3] and Line Sampling (LS) [17].
These MCS schemes are here presented by showing their application to a structural
reliability model of literature, i.e., the Paris-Erdogan thermal fatigue crack growth
model [22]. The problem is rather challenging as it entails estimating failure proba-
bilities of the order of 10−7.

Failure prognosis is becoming a more and more attractive and challenging task
in Reliability, Availability, Maintainability and Safety (RAMS). The attractiveness of
prognostics comes from the fact that by predicting the evolution of the SSC state, it
is possible to provide advanced warning and lead time for preparing the necessary
corrective actions to maintain the SSC in safe and productive operation.
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However, in real SSC, often the states cannot be directly observed; on the other
hand, measurements of parameters or variables related to the SSC states are available,
albeit usually affected by noise and disturbances. Then, the problem becomes that of
inferring the SSC state from the measured parameters. Two general approaches exist:
i) the model-based techniques, which make use of a quantitative analytical model of
SSC behaviour [31] and ii) the knowledge-based or model-free methods, which rely
on empirical models built on available data of SSC behaviour [19,26].

The soundest model-based approaches to the SSC state estimation problem build
a posterior distribution of the unknown states by combining the distribution assigned
a priori with the likelihood of the observations of the measurements actually collected
[7,8]. In this Bayesian setting, the estimation method most frequently used in practice
is the Kalman filter, which is optimal for linear state space models and independent,
additive Gaussian noises. In this case, the posterior distributions are also Gaussian
and can be computed exactly, without approximations.

In practice the dynamic evolution of many SSC is non-linear and the associated
noises are non-Gaussian [16]. For these cases, approximate methods, e.g. analytical
approximations of extended Kalman (EKF) and Gaussian-sum filters and numerical
approximations of the grid-based filters [1] can be used, usually at large computational
expenses. Alternatively, one may resort to MCS methods also known as particle
filtering methods, which are capable of approximating the continuous and discrete
distributions of interest by a discrete set of weighed ‘particles’ representing random
trajectories of system evolution in the state space, and whose weights are estimates of
the probabilitiesof the trajectories [6,9]. As the number of samples becomes large, the
Monte Carlo approximation yields a posterior pdf representation which is equivalent
to its functional description and the particle filter approaches the optimal Bayesian
TTF prediction.

In this paper, particle filtering is presented by showing its application to the Paris-
Erdogan thermal fatigue crack growth model [22].

2 The subset and line sampling methods for realiability estimation

An advanced MCS approach to SSC reliability estimation problems characterised
by low-failure probabilities is the SS, originally developed to tackle the multi-
dimensional problems of structural reliability [3]. In this approach, the failure prob-
ability is expressed as a product of conditional failure probabilities of some chosen
intermediate events, whose evaluation is obtained by simulation of more frequent
events. The problem of evaluating small failure probabilities in the original proba-
bility space is thus replaced by a sequence of simulations of more frequent events in
the conditional probability spaces. The necessary conditional samples are generated
through successive Markov Chain Monte Carlo (MCMC) simulations [12, 15, 20],
gradually populating the intermediate conditional failure regions until the final target
failure region is reached.

A recent alternative approach to the solution of the rare-event reliability estimation
problems is the Line Sampling (LS) technique, also originally developed to efficiently
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tackle the multi-dimensional problems of structural reliability [17]. Lines, instead of
random points, are used to probe the failure domain of the high-dimensional problem
under analysis [23]. An “important direction” is optimally determined to point towards
the failure domain of interest and a number of conditional, one-dimensional problems
are solved along such direction, in place of the high-dimensional problem [23]. The
approach has been shown to always perform better than standard MCS; furthermore, if
the boundaries of the failure domain of interest are not too rough (i.e., almost linear)
and the “important direction” is almost perpendicular to them, the variance of the
failure probability estimator could be ideally reduced to zero [17].

As an example of application let us consider the thermal fatigue crack growth
model based on the deterministic Paris-Erdogan model which describes the propaga-
tion of a manufacturing defect due to thermal fatigue [22]. The evolution of the size
x of a crack defect satisfies the following equation:

dx

d N
= C · ( f (R) ·�K )n , (2)

where N is the number of fatigue cycles, C and n are parameters depending on the
properties of the material, f (R) is a correction factor which is a function of the material
resistance R, and �K is the variation of the intensity factor, defined as

�K = �s · Y (x) · √πx . (3)

In (25), �s is the variation of the uniform loading (stress) applied to the system and
Y(x) is the shape factor of the defect. Let Si = �si be the variation of the uniform
normal stress at cycle i = 1, 2, . . . , N. The integration of equation (2) gives∫ xN

x0

dx

(Y (x)
√
πx)n

= C ·
N∑

i=1

( f (R) · Si)
n , (4)

where x0 and xN are the initial and final size of the crack defect, respectively. In (4)
the following approximation can be adopted:

N∑
i=1

= ( f (R) · Si)
n ≈ (T − T0) · N · ( f (R) · S)n, (5)

where T and T0 are the initial and final times of the thermal fatigue treatment (of N
cycles).

The system is considered failed when the size xN of the defect at the end of the
N cycles exceeds a critical dimension xc, i.e.:

xc − xN ≤ 0, (6)

which in the integral form (4) reads

ψ(xc)− ψ(xN ) ≤ 0, (7)
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where

ψ(x) =
∫ x

x0

dx ′

(Y (x ′) · √
πx ′)n

. (8)

Using (27), a safety margin M (T ) can then be defined as follows:

M(T ) =
∫ xc

x0

dx

(Y (x) · √
πx)n

− C · (T − T0) · N · ( f (R) · S)n . (9)

The failure criterion can then be expressed in terms of the safety margin (9):

M(T ) ≤ 0. (10)

The probabilistic representation of the uncertainties affecting the nine variables x0,
xc, T0, T, C, n, f (R), N and S (hereafter named x1, x2, x3, x4, x5, x6, x7, x8 and x9, re-
spectively), leads to the following definition of the probability of system failure P(F):

P(F) = P[M(T ) ≤ 0]

= P

[∫ xc

x0

dx

(Y (x) · √
πx)n

− C · (T − T0) · N · ( f (R) · S)n ≤ 0

]
, (11)

or

P(F) = P[M(T ) ≤ 0]

= P

[∫ x1

x2

dx

(Y (x) · √
πx)x6

− x5 · (x4 − x3) · x8 · (x7 · x9)
x6 ≤ 0

]
. (12)

It is worth noting the highly non-linear nature of expressions (11) and (12) which
increases the complexity of the problem.

The characteristics of the PDFs of the uncertain variables are summarised in
Table 1; the value of the exact (i.e., analytically computed) failure probability, P(F)
is also reported in the last row of Table 1.

For fair comparison, in the application, all simulation methods have been run
with the same total number of samples (N T = 40,000). The efficiency of the methods
has been evaluated in terms of the Figure Of Merit (FOM) defined as 1

/(
σ̂ 2tcomp

)
,

where tcomp is the computational time required by the simulation method (Table 2).
It can be seen that SS performs consistently better than standard MCS. On the other
hand, LS outperforms SS, in spite of the fact that the determination of the sampling
important direction α and the calculations of the conditional one-dimensional failure
probability estimates require much more than N T system analyses by the model; this
is due to the accelerated convergence rate that can be attained by the LS method with
respect to SS.

Finally, both the SS and LS methods have been shown to perform well, and in
fact outperform other conventional sampling methods in the reliability assessment
of a variety of systems of different complexity, e.g. structures [17, 24, 28, 29, 32],
multi-state and continuous-state series-parallel systems [33], thermal-hydraulic pas-
sive systems [34,35], etc.
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Table 1. Probability distributions and parameters (i.e., means and standard deviations) of the
uncertain variables x1, x2, . . . , x9 of the thermal fatigue crack growth model; the last row
reports the value of the corresponding exact (i.e., analytically computed) failure probability,
P (F) [13, 14]. Exp = exponential distribution; LG = Lognormal distribution; N = Normal
distribution

x1 (x) Exp(0.81·10−3)

x2 (xc) N(21.4·10−3, 0.214·10−3)

x3 (T ) 0

x4 (T ) 40
x5 (C) LG(1.00·10−12, 5.75·10−13)

x6 (n) 3.4
x7 (f (R)) 2

x8 (N) N(20, 2)
x9 (S) LG(200, 20)

P(F) 1.780·10−5

Table 2. Results of the application of standard MCS, SS and LS to the reliability estimation of
the thermal fatigue crack growth model

P̂ (F) σ̂ Nsys FOM

Standard MCS 1.780·10−5 2.269·10−5 40000 4.860·104

SS 1.130·10−5 1.653·10−6 39183 9.341·106

LS 1.810·10−5 2.945·10−8 81999 1.188·1013

3 Particle filtering for failure prognosis

In general terms, the problem of estimating the states of a dynamical system is usually
carried out in a discrete time domain by considering a dynamical system for which
both a set of measurements and a theoretical model linking the system states among
themselves and with the measurements, are available.

In correspondence of a sequence of equidistant discrete times t, where t stands
for τt = t · �t, (t = 0, 1, 2, . . .), it is desired to infer the unknown (hidden)
state xt ≡ x(τt ) on the basis of all the previously estimated state values x0:t−1 ≡
(x0, x1, . . . , xt−1) and of all the measurements z0:t ≡ (z0, z1, . . . , zt), zi ≡ z(τi ),
collected up to time t by a set of sensors. Both the system states and the mea-
surements, which may be multi-dimensional variables, are affected by inherent
noises.

In a Bayesian context the associated filtering problem amounts to evaluating the
posterior distribution p(xt |z0:t). This can be done by sampling a large number Ns of

time sequences
{

xi
0:t

}Ns

i=1 from a suitably introduced importance function q(x0:t |z0:t)
[8]. In the state space, this sample of sequences represents an ensemble of trajectories
of state evolution similar to those simulated in particle transport phenomena: the
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problem is then that of utilising the ensemble of Ns simulated trajectories for filtering
out the unobserved trajectory of the real process.

The filtering distribution p(xt |z0:t) is the marginal of the probability p(x0:t |z0:t),
i.e. the multiple integral of this latter with respect to xt0, xt1, . . . , xt−1 in [−∞,∞]t

viz.,p(xt |z0:t) = ∫
p(x0:t |z0:t)dx0:t−1. The integration may be formally extended to

include also the variable xt by means of a δ-function, i.e. p(xt |z0:t) =∫
p(x0:t−1, u|z0:t)δ(xt − u)dx0:t−1du. By resorting to the importance sampling

method previously recalled, a large number Ns of trajectories
{

xi
0:t

}Ns

i=1 is first sampled
from the importance function q(x0:t |z0:t) and then the integral is approximated as

p(xt |z0:t) =
∫ [

p(x0:t−1, u|z0:t)

q(x0:t−1, u|z0:t)
δ(xt − u)

]
q(x0:t−1, u|z0:t)dx0:t−1du

≈
Ns∑

i=1

wi
tδ(xt − xi

t ), (13)

where the weights wi
t of the estimation are

wi
t = p(xi

0:t |z0:t)

q(xi
0:t |z0:t)

, (14)

which can be recursively computed as

wi
t = wi

t−1

p(zt |xi
t )p(xi

t |xi
t−1)

q(xi
t |xi

t−1)
. (15)

Unfortunately, the trajectories sampled according to the procedure illustrated suf-
fer from the so-called degeneracy phenomenon: after few samplings, most of the
N s weights in (15) become negligible so that the corresponding trajectories do not
contribute to the estimate of the PDF of interest [8].

A possible remedy to this problem is to resort to the so-called resampling method
[2], based on the bootstrap technique which essentially consists of sampling balls from
an urn with replacement [10,11]. At each time t, Ns samplings with replacement are
effectuated from an urn containing N s balls; the i-th ball is labelled with the pair of
known numbers

{
wi

t , xi
t

}
and it will be sampled with a probability proportional to the

weight value wi
t ; a record of the sampled pairs is maintained; at the end of these N

multinomial samplings, there is a good chance that the recorded sample will contain
several replicas of the balls with larger weights (in other words, that the final record
will contain several identical copies of the same label), whereas a corresponding
number of balls with smaller weights will not appear in the sample (in other words,
a corresponding number of labels is lost from the sample).

In the described bootstrap procedure, it is evident that the sampled weights are
i.i.d. so that the same weight 1/Ns may be assigned to all sampled pairs. Then, the

filtering procedure continues with the original pairs
{
wi

t , xi
t

}Ns

i=1 replaced by new pairs{
1/Ns, xi∗

t

}Ns

i∗=1
in which several i∗ may correspond to the same i in the original pairs.

Equation (13) then becomes
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p(xt |z0:t) ≈
Ns∑

i=1

p(zt |xi
t )p(xi

t |xi
t−1)

q(xi
t |xi

t−1)
δ(xt − xi

t ) ≈
Ns∑

i=1

1

Ns
δ(xt − xi∗

t ) . (16)

A pseudo-code describing the basic steps of the procedure is:

• at t=0, a sequence
{
xi

0

}Ns

i=1is sampled from p(x0);
• at the generic time t>0:

– a value zt is measured (or simulated if we are dealing with a case study);

– a sequence
{
xi

t

}Ns

i=1 is sampled from the given q(x |xi
t−1);

– the N s likelihoods
{

p(zt |xi
t )
}Ns

i=1 are evaluated;
– the weights wi

t required by the described resampling procedure are evaluated
from (15) in which wi

t−1 = 1;

– the resampling procedure is performed and the obtained xi∗
t yield the resampled

realisations of the states at time t;
– the xi∗

t -range, Xt = max
i∗
(xi∗

t ) − min
i∗
(xi∗

t ), is divided in a given number of

intervals and the mean probability values in these intervals are given by the
histogram of the xi∗

t .

Let us consider the Paris-Erdogan model introduced in the previous section; for
simplification, but with no loss of generality, it is assumed that f (R) = 1 and �K is
directly proportional to the square root of x [25]:

�K = β
√

x , (17)

where β is a constant which may be determined from experimental data.
In this case, the intrinsic stochasticity of the process is inserted in the model as

follows [25]:
dx

d N
= eωC(β

√
x)n , (18)

where ω ∼ N(0, σ 2
ω) is a white Gaussian noise. For �N sufficiently small, the state-

space model (18) can be discretised to give:

xt = xt−1 + eωt C(�K )n�N , (19)

which represents a non-linear Markov process with independent, non-stationary
degradation increments.

The degradation state xt is generally not directly measurable. In the case of non-
destructive ultrasonic inspections a logit model for the observation zt can be intro-
duced [30]:

ln
zt

d − zt
= β0 + β1 ln

xt

d − xt
+ υt , (20)

where d is the component material thickness, β0 ∈ (−∞,∞) and β1 > 0 are param-
eters to be estimated from experimental data and υ is a white Gaussian noise such
that υ ∼ N(0, σ 2

υ ).
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Introducing the following standard transformations,

yt = ln
zt

d − zt
, (21)

μk = β0 + β1 ln
xt

d − xt
, (22)

then, Yt ∼ N(μt , σ
2
υ ) is a Gaussian random variable with conditional cumulative

distribution function (cdf):

FYt (yt |xt ) = P(Yt < yt |x t) = !

(
yt − μt

συ

)
, (23)

where !(u) is the cdf of the standard normal distribution N (0, 1).
The conditional cdf of the measurement zt related to the degradation state xt is

then:

FZt (zt |x t) = FYt

(
ln

zt

d − zt
|x t

)
= !

(
1
συ

(
ln

zt

d − zt
− μt

))
, (24)

with corresponding probability density function (pdf):

fZt (zt |xt ) = 1√
2πσυ

e
− 1

2

(
ln zt

d−zt
−μt

συ

)2

d

zt(d − zt)
. (25)

The particle filtering estimation method has been applied to a case study of literature
in which the parameters of the state equation (19) are C = 0.005, n = 1.3 and β = 1,
whereas those in the measurement equation (20) are β0= 0.06, and β1 = 1.25. The
process and measurement noise variances are σ 2

ω = 2.89 and σ 2
υ = 0.22, respectively.

The cycle time step is �N = 1. The component is assumed failed when the crack
depth x ≥ xc = d = 100, in arbitrary units. The five measurements at time steps
N1, N2, N3, N4, N5 are generated from (20), based on the crack growth dynamics
simulated according to (19). The values of the measurements are z1 = 0, z2 = 0.8,
z3 = 2.9, z4 = 17.9 and z5 = 47.0. In Figure 1, the true degradation state (dots) is
compared to the particle filter estimate (dotted line): the performance of the particle
filter is satisfactory, with a Root Mean Squared Error RMSE = 7.9 and a coverage,
cov = 72% as defined in [5]. The CPU-time per time step of evolution is 4.6 · 10−1 s.
Furthermore, the posterior probability density function of the component’s remaining
lifetime τt at the inspection time t can be estimated by properly modifying the particle
filter algorithm described above. In particular, the estimate can be expressed as:

p̂ (τt |z0:t ) =
Ns∑

i=1

wi
tδ
(
τt − t i

)
, (26)

where t i is the time step at which the component failure occurs in the i-th simulated
crack growth trajectory.
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Fig. 1. Comparison of the true time evolution of the crack depth (dots) with the particle filter-
estimated mean of the posterior distribution (dotted line), with ±1σt bands (solid): five mea-
surements z1 = 0, z2 = 0.8, z3 = 2.9, z4 = 17.9 and z5 = 47.0 taken at times N1 = 100,
N2 = 200, N3 = 300, N4 = 400, N5 = 500

Fig. 2. Lifetime posterior probability density functions: five measurements z1 = 0, z2 = 0.8,
z3 = 2.9, z4 = 17.9 and z5 = 47.0 taken at times N1 = 100, N2 = 200, N3 = 300, N4 = 400,
N5 = 500 [5]
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Operatively, the algorithm for the remaining lifetime distribution estimation can
be divided into two parts:

• Off-line simulation of crack growth trajectories:
– Ns particles are simulated off-line, before starting to observe the component’s

degradation in real-time;
– when a particle reaches the full material thickness xc = d , component failure

occurs and the corresponding failure time t i is collected.
• On-line estimation of the distribution of the remaining lifetime:

– at the inspection times tk= 1, N1, N2, N3, N4 and N5, the particles’ weights wi
t

are updated on the basis of the last available measurement;
– the lifetime distribution at time t can be estimated by constructing a histogram

of the Ns failure times t i weighed on the corresponding values ofwi
t .

The uncertainty in the lifetime distribution predictions (Figure 2) decreases as the
measurements become available.

Finally, particle filtering has been shown effective in a number of diagnostic and
prognostic applications [21], including hybrid systems [4,18].

4 Conclusions

The rapid increase in computing power has rendered, and will continue to render,
more and more feasible the use of Monte Carlo methods for engineering calculations.
In the past, restrictive modeling assumptions had to be introduced to fit the models
to the numerical methods available for their solution, at the cost of moving away
from reality and at the risk of obtaining sometimes dangerously misleading results.
Thanks to the inherent flexibility of Monte Carlo simulation, these assumptions can
be relaxed, so that realistic operating rules can be accounted for in the models for
RAMS applications.

This paper has illustrated recent developments in the Monte Carlo simulation
method with respect to its use for the estimation of the reliability and the failure prog-
nostics of SSC. With the aid of examples, the potential associated with the advanced
techniques of SS, LS and particle filtering have been demonstrated. SS and LS offer
clever ways out of the rare event problem which affects reliability estimation in prac-
tice. In SS the problem is tackled by breaking the small failure probability evaluation
task into a sequence of estimations of larger conditional probabilities. During the
simulation, more frequent samples conditional to intermediate regions are generated
from properly designed Markov chains. The strength of the method lies in the gen-
erality of its formulation and the straightforward algorithmic scheme. The method
has been proven more effective than standard MCS. The LS method employs lines
instead of random points in order to probe the high-dimensional failure domain of
interest. An “important direction” is optimally determined to point towards the fail-
ure domain of interest and a number of conditional, one-dimensional problems are
solved along such direction, in place of the original high-dimensional problem. In the
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case the boundaries of the failure domain of interest are not too rough (i.e., approx-
imately linear) and the “important direction” is almost perpendicular to them, only
few simulations suffice to arrive at a failure probability with acceptable confidence.
Of particular advantage of Line Sampling is its robustness: in the worst possible case
where the “important direction” is selected orthogonal to the (ideal) optimal direction,
line sampling performs at least as well as standard Monte Carlo simulation.

The particle filtering method seems to offer significant potential for successful
application in failure prognostics, since it is capable of handling non-linear dynamics
and of dealing with non-Gaussian noises at no further computational or model design
expenses. As such, it represents a valuable prognostic tool which can drive effective
condition-based maintenance strategies for improving the availability, safety and cost
effectiveness of plant operation.
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15. Hastings, W.K.: Monte Carlo sampling methods using Markov chains and their applica-
tions. Biometrika 57, 97–109 (1970)

16. Kitagawa, G.: Non-Gaussian State-Space Modeling of Nonstationary Time Series. Journal
of the American Statistical Association 82, 1032–1063 (1987)

17. Koutsourelakis, P.S., Pradlwarter, H.J., Schueller, G.I.: Reliability of structures in high
dimensions, Part I: algorithms and application. Probabilistic Engineering Mechanics 19,
409–417 (2004)

18. Koutsoukos, X., Kurien, J., Zhao, F.: Monitoring and diagnosis of hybrid systems using
particle filtering methods. In: Proceedings of the Fifteenth International Symposium on
the Mathematical Theory of Networks and Systems (MTNS), University of Notre Dame,
Notre Dame, USA (2002)

19. Marseguerra, M., Zio, E., Baraldi, P., Popescu, I.C., Ulmeanu, P.: A Fuzzy Logic-based
Model for the Classification of Faults in the Pump Seals of the Primary Heat Transport
System of a Candu 6 Reactor. Nuclear Science and Engineering 153(2), 157–171 (2006)

20. Metropolis, N., Rosenbluth, A.W., Rosenbluth, M.N., Taller, A. H.: Equations of state
calculations by fast computing machines. Journal of Chemical Physics 21(6), 1087–1092
(1953)

21. Orchard, M.E., Vachtsevanos,G.: A particle filtering framework for failure prognosis. In:
Proceedings of WTC2005, World Tribology Congress III, Washington D.C., USA (2005)

22. Paris, P.C.: A rational analytic theory of fatigue. The trend of engineering at the university
of Washington 13(1), 9 (1961)

23. Pradlwarter, H.J., Pellissetti, M.F., Schenk, C.A., Schueller, G.I., Kreis, A., Fransen, S.,
Calvi, A., Klein, M.: Computer Methods in Applied Mechanics and Engineering 194,
1597–1617 (2005)

24. Pradlwarter, H.J., Schueller, G.I., Koutsourelakis, P.S., Charmpis, D.C.: Application of
line sampling simulation method to reliability benchmark problems. Structural Safety 29,
208–221 (2007)

25. Provan, J.W. (ed.): Probabilistic fracture mechanics and reliability. Martinus Nijhoff Pub-
lishers, Dordrecht (1987)

26. Reifman, J.: Survey of Artificial Intelligence Methods for Detection and Identification of
Component Faults in Nuclear Power Plants. Nucl. Technol. 119(76), (1997)

27. Schueller, G.I.: On the treatment of uncertainties in structural mechanics and analysis.
Computers and Structures 85, 235–243, (2007)

28. Schueller, G.I., Pradlwarter, H.J.: Benchmark study on reliability estimation in higher
dimensions of structural systems – An overview. Structural Safety 29, 167–182 (2007)

29. Schueller, G.I., Pradlwarter, H.J., Koutsourelakis, P.S.: A critical appraisal of reliability
estimation procedures for high dimensions. Probabilistic Engineering Mechanics 19, 463–
474 (2004)

30. Simola, K., Pulkkinen, U.: Models for non-destructive inspection data. Reliability Engi-
neering and System Safety 60, 1–12 (1998)

31. Willsky, A.S.: A survey of design methods for failure detection in dynamic systems.
Automatica 12, 601–611 (1976)

32. Zio, E., Pedroni, N.: Reliability estimation by advanced Monte Carlo simulation. In:
Simulation Methods for Reliability and Availability of Complex Systems. Springer, London
3–40 (2010)

33. Zio, E., Pedroni, N.: Reliability analysisof discrete multi-state systems by meansof subset
simulation. ESREL 2008, European Safety and Reliability Conference, September 22–25,
2008, Valencia, Spain, 709–716 (2008)



164 E. Zio

34. Zio, E., Pedroni, N.: Estimation of the functional failure probability of a thermal-hydraulic
passive system by subset simulation. Nuclear Engineering and Design 239(3), 580–599
(2009)

35. Zio, E., Pedroni, N.: Functional failure analysis of a thermal-hydraulic passive system
by means of line sampling. Reliability Engineering and System Safety 9(11), 1764–1781
(2009)


	Cover
	Contributions to Statistics
	Complex Data Modeling
and Computationally
Intensive Statistical
Methods
	ISBN 9788847013858
	Preface
	Table of Contents

	List of Contributors
	Space-time texture analysis in thermal infrared imaging for classification of Raynaud’s Phenomenon

	1 Introduction
	2 TheData
	3 Processing thermal high resolution infrared images
	3.1 Segmentation
	3.2 Registration

	4 Feature extraction
	4.1 ST-GMRFs
	4.2 Texture statistics through co-occurrence matrices

	5 Classification results
	6 Conclusions
	References

	Mixed-effects modelling of Kevlar fibre failure times through Bayesian non-parametrics

	1 Introduction
	2 Accelerated life models for Kevlar fibre life data
	3 The Bayesian semiparametric AFT model
	4 Data analysis
	5 Conclusions
	Appendix
	References

	Space filling and locally optimal designs for Gaussian Universal Kriging

	1 Introduction
	2 Kriging methodology
	3 Optimality of space filling designs
	4 Locally optimal designs for Universal Kriging
	4.1 Optimal designs for estimation
	4.2 Optimal designs for prediction

	5 Conclusions
	References

	Exploitation, integration and statistical analysis of the Public Health Database and STEMI Archive in the Lombardia region

	1 Introduction
	2 The MOMI2 study
	3 The STEMI Archive
	4 The Public Health Database
	4.1 Healthcare databases
	4.2 Health information systems in Lombardia

	5 The statistical perspective
	5.1 Frailty models
	5.2 Generalised linear mixed models
	5.3 Bayesian hierarchical models

	6 Conclusions
	References

	Bootstrap algorithms for variance estimation in �PS sampling

	1 Introduction
	2 The naïve boostrap

	3 Holmberg’s �PS bootstrap

	4 The 0.5 �PS-bootstrap
	5 The x-balanced �PS-bootstrap
	6 Simulation study
	7 Conclusions
	References

	Fast Bayesian functional data analysis of basal body temperature

	1 Introduction
	2 Methods
	2.1 RVM in linear models

	2.2 Extension to linear mixed model

	3 Results: application to bbt data
	3.1 Subject-specific profiles
	3.2 Subject-specific and population average profiles
	3.3 Prediction

	4 Conclusions
	References

	A parametric Markov chain to model age- andstate-dependent wear processes

	1 Introduction
	2 System description and preliminary technological considerations

	3 Data description and preliminary statistical considerations
	4 Model description
	5 Parameter estimation
	6 Testing dependence on time and/or state
	7 Conclusions
	References

	Case studies in Bayesian computation using INLA
	1 Introduction
	2 Latent Gaussian models
	3 Integrated Nested Laplace Approximation
	4 The INLA package for R
	5 Case studies
	5.1 A GLMM with over-dispersion

	5.2 Childhood undernutrition in Zambia: spatial analysis
	5.3 A simple example of survival data analysis

	6 Conclusions
	References

	A graphical models approach for comparing gene sets
	1 Introduction
	2 A brief introduction to pathways
	3 Data and graphical models setup
	4 Test of equality of two concentration matrices

	5 Conclusions
	References

	Predictive densities and prediction limits based onpredictive likelihoods
	1 Introduction
	2 Review on predictive methods

	2.1 Plug-in predictive procedures and improvements
	2.2 Profile predictive likelihood and modifications

	3 Likelihood-based predictive distributions and prediction limits
	3.1 Probability distributions from predictive likelihoods
	3.2 Prediction limits and coverage probabilities


	4 Examples
	4.1 Prediction limits for the sum of future Gaussian observations
	4.2 Prediction limits for the maximum of future Gaussian observations

	Appendix
	References

	Computer-intensive conditional inference
	1 Introduction
	2 An inference problem
	3 Exponential family and ancillary statistic models
	4 Analytic approximations
	5 Bootstrap approximations
	6 Examples
	6.1 Inverse Gaussian distribution
	6.2 Log-normal mean
	6.3 Weibull distribution
	6.4 Exponential regression

	7 Conclusions
	References

	Monte Carlo simulation methods for reliability estimation and failure prognostics

	1 Introduction
	2 The subset and line sampling methods for realiability estimation
	3 Particle filtering for failure prognosis
	4 Conclusions
	References


